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RésuḿeCe document présente les travaux effectués dans le cadre d’une collaboration entre le CEA de Saclay
et le Laboratoire Jacques-Louis Lions. La thématique générale en est le couplage interfacial de modèles et de
codes numériques pour la thermohydraulique des réacteurs. Le présent rapport est constitué des actes de quatre
congrès s’étant tenus en 2005, d’où son découpage en quatre chapitres :

• Couplage par des méthodes de volumes finis de modèles homogènes de transition de phase ;

• Couplage interfacial de systèmes lagrangiens ;

• Couplage de systèmes de la dynamique des gaz, méthode double-flux ;

• Couplage de modèles de fluides multiphasiques (dans un cadre plus général que dans le point précédent).



Chapter 1

Homogeneous models with phase
transition: coupling by finite volume
methods

Abstract We study two separate domains sharing a fixed interface. In each one, a different hyperbolic model
is used to describe the flow. We propose appropriate conditions at the interface in a way to obtain a coherent
description of the unsteady flow according to physical considerations. The problem we consider is the coupling
of the homogeneous equilibrium model and the homogeneous relaxation model. Several coupling conditions are
described and illustrated by numerical results.

RésuḿeOn étudie le problème modèle du couplage de deux systèmes hyperboliques séparés par une interface
fixe, les deux systèmes étant différents. Nous proposonsdes conditions de couplage pour obtenir des écoulements
instationnaires cohérents avec des principes physiques.Les modèles considérés ici sont, d’un côté, le modèle
homogène à l’équilibre, et, de l’autre côté, le modèle homogène de relaxation. Différentes stratégies de couplage
sont proposées et comparées numériquement.

1.1 Introduction

The model coupling arises in the frame of the Neptune project(HER 05a), which involves several numerical and
physical problems. One of these problems is the numerical coupling of two-phase flow codes which are based on
different models and different numerical methods. These models are different in order to take into account the
different configurations of a global flow. The main difficultyoccurs when two different models are put side to
side: the information to be transmitted from one model to theother has to be defined. Moreover, even if some
physical requirements lead to a coherent description of thecoupling, the numerical aspect of coupling must be
handled with care. Indeed, in some very simple cases, the numerical coupling method cannot be in agreement
with physical principles.

We investigate here the numerical coupling of two differentfirst order systems of partial differential equations.
These problems model the flow of a fluid which can be under its vapor form or under its liquid form. We consider
models based on the conservation of mass, momentum and totalenergy, and the mechanical equilibrium (ie
p1 = p2) is assumed to be fulfilled. The coupling is located at a fixed interface. On one side, we assume that
the phase transition is instantaneous and on the other side,the thermodynamical equilibrium is reached with
a non-zero relaxation time. We present several ways of coupling the two systems, from the mathematical and
numerical points of view, following some previous works (GOD 04), (GOD 05), (AMB 05). At the end, we
present numerical tests.

1.2 The homogeneous models

We first present the two models we aim at coupling. The fluid we consider can be in its “vapor” phase or in its
“liquid” phase and we allow phase transitions. The first model, the homogeneous equilibrium model, assumes
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2 CHAPTER 1. COUPLING PHASE TRANSITION MODELS

that the thermodynamical equilibrium is fulfilled instantaneously whereas the second model, the homogeneous
relaxation model, is a relaxed version, with respect to the difference of the chemical potentials, of the equilibrium
model.

1.2.1 The homogeneous equilibrium model

The first model we consider is the homogeneous equilibrium model (HEM):










∂tρ + ∂x(ρu) = 0,

∂t(ρu) + ∂x(ρu2 + pL) = 0,

∂t(ρE) + ∂x(u(ρE + pL)) = 0,

(1.1)

whereE = u2/2 + ε andpL = pL(ρ, ε). The notations are classical:ρ is the density,u the velocity,E the total
energy,pL the pressure andε the internal energy. We assume that the fluid is a composed by two immiscible
perfect gas type phases, with different adiabatic coefficientsγ1 > 1 andγ2 > 1. The pressure law is given by

pL(ρ, ε) =











(γ1 − 1)ρε, if ρ ≤ ρ∗1,

(γ1 − 1)ρ∗1ε, if ρ∗1 < ρ < ρ∗2,

(γ2 − 1)ρε, if ρ∗2 ≤ ρ,

(1.2)

whereρ∗1 andρ∗2 are two constants defined by

ρ∗1 = A

(

γ1 − 1

γ2 − 1

)

γ2−1

γ1−γ2

and ρ∗2 = A

(

γ1 − 1

γ2 − 1

)

γ1−1

γ1−γ2

,

with

A = exp

(

γ1 + (γ1 − 1) ln(γ1 − 1) − γ2 − (γ2 − 1) ln(γ2 − 1)

γ2 − γ1

)

.

See (CAR 04) and (JAO 01) for more details.
The equation of state (1.2) is very simple and it takes into account the phase transition: ifρ ∈ (0, ρ∗1] the fluid

is in its “vapor” form, if ρ ∈ [ρ∗2,∞), the fluid is in its “liquid” form and ifρ ∈ (ρ∗1, ρ
∗
2), it corresponds to a

mixture.
In the following, we will adopt the condensed notation of (1.1):

∂tUL + ∂xFL(UL) = 0, (1.3)

with UL = t(ρ, ρu, ρE) andFL(UL) = t(ρu, ρu2 + pL, u(ρE + pL)). We also defineΩL = {UL ∈ R
3, ρ >

0, ε > 0} and note that (1.1)-(1.2) is strictly hyberbolic over this natural phace space.

1.2.2 The homogeneous relaxation model

We focus now on the homogeneous relaxation model (HRM):



















∂tm1 + ∂x(m1u) = λ(m∗
1(ρ) − m1),

∂tρ + ∂x(ρu) = 0,

∂t(ρu) + ∂x(ρu2 + pR) = 0,

∂t(ρE) + ∂x(u(ρE + pR)) = 0,

(1.4)

whereλ is a positive constant andm1 is the partial density of the “vapor”. The pressure law is now

pR(ρ, ε, m1) = ((γ1 − 1)m1 + (γ2 − 1)(ρ − m1))ε. (1.5)

The functionm∗
1 is defined by

m∗
1(ρ) =











ρ, if ρ ≤ ρ∗1,

ρ∗1
ρ−ρ∗

2

ρ∗

1
−ρ∗

2

, if ρ∗1 < ρ < ρ∗2,

0, if ρ∗2 ≤ ρ.

(1.6)
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Let us emphasize that the adiabatic coefficientsγ1 andγ2 are the same as the adiabatic coefficients of the HEM.
Therefore, one can check that whenλ → +∞ (that is whenm1 → m∗

1), the HRM formally tends to the HEM.
In other words, we have

pR(ρ, ε, m∗
1(ρ)) = pL(ρ, ε), ∀ρ, ε > 0.

Here again, we introduce a short notation for (1.4):

∂tUR + ∂xFR(UR) = SR(UR), (1.7)

with UR = t(m1, ρ, ρu, ρE), FR(UR) = t(m1u, ρu, ρu2 + pR, u(ρE + pR)) andSR(UR) = t(λ(m∗
1(ρ) −

m1), 0, 0, 0). The set of admissible states isΩR = {UR ∈ R
4, 0 ≤ m1 ≤ ρ, ρ > 0, ε > 0} and the system turns

out to be strictly hyperbolic overΩR.

1.3 The mathematical model of the coupled problem

We consider the two different hyperbolic systems presentedabove separated by the fixed interface{x = 0}
∂tUL + ∂xFL(UL) = 0, t > 0, x < 0, (1.8)

∂tUR + ∂xFR(UR) = SR(UR), t > 0, x > 0, (1.9)

with the initial conditions

UL(x, 0) = UL,0(x), x < 0, (1.10)

UR(x, 0) = UR,0(x), x > 0. (1.11)

In order to couple the two systems (1.8) and (1.9), we will introduce two operators

ΠL
R : UL = t(ρ, ρu, ρE) 7−→ ΠL

R(UL) = t(m∗
1(ρ), ρ, ρu, ρE), (1.12)

ΠR
L : UR = t(m1, ρ, ρu, ρE) 7−→ ΠR

L(UR) = t(ρ, ρu, ρE), (1.13)

which will enable us to convert one variable into the other.
We present three approaches, according to the information which must be transmitted or according to physical

requirements: global conservation, continuity of some physical variables throughx = 0. In the following, the
source termSR(UR) is omitted for simplicity (and without any restriction).

1.3.1 The flux coupling

The first approach of coupling relies on the use of acolor functionY : (x, t) ∈ R × (0,∞) 7→ [0, 1] and it is
based on a simple definition of the coupling which provides the global conservation of the unknowns. We replace
the systems (1.8) and (1.9) by theaugmentedsystem

{

∂tU + ∂xF(U, Y ) = 0, x ∈ R, t > 0,

∂tY = 0,
(1.14)

with Y (x < 0, 0) = 0 andY (x > 0, 0) = 1. The new variableU is defined by

U(x, t) =

{

ΠL
R(UL)(x, t) if x < 0,

UR(x, t) if x > 0,

and the new flux functionF(U, Y ) by

F(U, Y ) = (1 − Y )F(U, 0) + Y F(U, 1)

with
F(U, 0) = t(0, tFL(ΠR

L(U))) and F(U, 1) = FR(U).

This model of coupling is conservative. Nonetheless, the system (1.14) is resonant, which means that if an eigen-
value of the jacobian matrixDUF(U, Y ) vanishes, the system admits two null eigenvalues and the eigenvectors
do not form a basis ofR4 anymore. In order to avoid this problem, the second equationof (1.14) can be replaced
by

∂t(ρY ) + ∂x(ρY u) = µρ(Y0 − Y ), (1.15)

where we will makeµ tend to+∞ formally.
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1.3.2 The intermediate state coupling

The idea of this technique is to impose the continuity of the variables through the interface, namely

ΠL
R(UL)(0−, t) = UR(0+, t), t > 0. (1.16)

Since we are focusing on the coupling of systems that may develop discontinuities, the continuity condition
(1.16) cannot be fulfilled in all cases, in particular when the characteristics of the two problems are incompatible.
Therefore, a weak formulation of this condition is proposed:

UL(0−, t) ∈ OL(ΠR
L(UR)(0+, t)), t > 0, (1.17)

UR(0+, t) ∈ OR(ΠL
R(UL)(0−, t)), t > 0, (1.18)

with

OL(Ub) = {WL(0−;U,Ub),U ∈ ΩL}, (1.19)

OR(Ub) = {WR(0+;Ub,U),U ∈ ΩR}, (1.20)

whereWα(x/t;Ug,Ud), α = L, R, is the self-similar solution of the Riemann problem











∂tUα + ∂xFα(Uα) = 0, x ∈ R, t > 0,

Uα(x, 0) =

{

Ug if x < 0,

Ud if x > 0.

The condition (1.17) (respectively (1.18)) means that the stateΠR
L(UR)(0+, t) (resp. ΠL

R(UL)(0−, t)) is an
admissible boundary condition (see (DUB 88)) for the system(1.8) (resp. (1.9)). More details can be found in
(GOD 05).

1.3.3 The modified intermediate state coupling

The conditions (1.17)-(1.18) provide, whenever it is possible, the continuity of the variablesm1 (with m1 = m∗
1

for x < 0), ρ, ρu andρE through the interface. Let us assume thatρ, ρu andρE are continuous atx = 0 and that
ρu(0, t) < 0. In such a case, ifm1 6= m∗

1 in the right part of the domain, the continuity ofm1 atx = 0 cannot be
ensured. As a result, the pressure cannot be continuous atx = 0:

pL(ρ, ε)(0−, t) = pR(ρ, ε, m∗
1(ρ))(0−, t) 6= pR(ρ, ε, m1)(0+, t).

But, for physical considerations, one could prefer the solution to fulfill the continuity of the pressure atx = 0.
Therefore, instead of (1.17)-(1.18), the coupling condition should be a weakened form of

φL(ΠL
R(UL))(0−, t) = φR(UR(0+, t)), t > 0, (1.21)

whereφL andφR are two changes of variable fromΩR to ΩR. In our case, they are

φL(m1, ρ, ρu, ρE) = (m1, ρ, ρu, pL(ρ, ε)),

φR(m1, ρ, ρu, ρE) = (m1, ρ, ρu, pR(ρ, ε, m1)).

The weak coupling conditions associated with (1.21) are

UL(0−, t) ∈ OL(ΠR
L(φ−1

L (φR(UR)))(0+, t)), t > 0, (1.22)

UR(0+, t) ∈ OR(φ−1
R (φL(ΠL

R(UL)))(0−, t)), t > 0, (1.23)

using the previous definitions (1.19)-(1.20) ofOL andOR.
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1.4 Numerical coupling of hyperbolic systems

We focus now on the simulation of the coupling problem (1.8)-(1.9)-(1.10)-(1.11). Of course, the numerical
coupling must vary according to the type of coupling we want to impose.

Let ∆t and∆x be the time and the space steps. The interfaces of the mesh aredefined asxj = j∆x, j ∈ Z,
and the intermediate times aretn = n∆t, n ∈ N. The classical finite volume approximation is used:

∆x(Uα)0j+1/2 =

∫ xj+1

xj

Uα,0(x) dx, α = L, R.

The approximation(Un
α,j+1/2)j,n is given by the numerical scheme

Un+1
L,j+1/2 = Un

L,j+1/2 −
∆t

∆x
(Gn

L,j+1 − Gn
L,j), for j < 0, n ≥ 0, (1.24)

Un+1
R,j+1/2 = Un

R,j+1/2 −
∆t

∆x
(Gn

R,j+1 − Gn
R,j), for j ≥ 0, n ≥ 0, (1.25)

where the numerical fluxes are defined with the help of two consistant functionsGL(UL,VL) andGR(UR,VR)
with the fluxesFL(UL) andFR(UR):

Gn
L,j = GL(Un

L,j−1/2,U
n
L,j+1/2), j < 0, n ≥ 0, (1.26)

Gn
R,j = GR(Un

R,j−1/2,U
n
R,j+1/2), j > 0, n ≥ 0. (1.27)

Note that it remains to define the numerical fluxesGn
L,0 andGn

R,0 at the coupling interface. We restrict this
presentation to three-point schemes for simplicity, though we will use five-point schemes in applications (the
extension is obvious).

We present several ways to define these two numerical fluxes and relate their definition to the previous models
of coupling.

1.4.1 The numerical flux coupling

The following numerical method is dedicated to the simulation of the flux coupling. The way of definingGn
L,0

andGn
R,0 consists in solving the problem (1.14) with the initial data

U(x, 0) =

{

Un
−1/2 if x < 0,

Un
+1/2 if x > 0,

Y (x, 0) =

{

0 if x < 0,

1 if x > 0.

(1.28)

It has been investigated in (HER 05b) and it gives precise results. But, in order to avoid any resonance phe-
nomenon, we use the equation (1.15) instead of∂tY = 0 in (1.14). This system is solved in two steps. First, the
convective part is solved, that is to say

{

∂tU + ∂xF(U, Y ) = 0,

∂t(ρY ) + ∂x(ρY u) = 0,

with the initial data (1.28). It gives an exact (or approximate) value of(U∗, Y ∗)(x/t) and we set

Gn
L,0 = Gn

R,0 = F(U∗(0), Y ∗(0)). (1.29)

In the second step, the equilibrium is recovered:Y ∗ = Y0. As a result, this method is completely conservative.
We refer to (AMB 05) for more details.
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1.4.2 The two-flux method

This numerical method is based on the introduction of two reconstructed statesU
n

R,−1/2 andU
n

L,1/2. The nu-
merical fluxes atx = 0 are given by

Gn
L,0 = GL(Un

L,−1/2,U
n

L,1/2), (1.30)

Gn
R,0 = GR(U

n

R,−1/2,U
n
R,1/2). (1.31)

Such a numerical coupling aims at approximating the (modified or not) intermediate state coupling. If the variable
to be transmitted at the interface is the conservative variable, we use

U
n

R,−1/2 = ΠL
R(Un

L,−1/2) and U
n

L,1/2 = ΠR
L(Un

R,1/2).

For what concerns the modified intermediate state coupling,we use

U
n

R,−1/2 = φ−1
R (φL(ΠL

R(Un
L,−1/2))) and U

n

L,1/2 = ΠR
L(φ−1

L (φR(Un
R,1/2))).

For more details, see (GOD 04) and (GOD 05).

1.4.3 The numerical schemes

We describe in this section the numerical schemes we use in each domain. The same numerical scheme has been
used on each side, in order to simplify the comparison. We present it in the frame of the HRM, which includes
the frame of the HEM (we have dropped the subscriptsL andR). The scheme we use is a Lagrange-Projection
scheme (see for instance (DEP 01)). Actually, it is a five-point scheme, that is to say the fluxGn

j depends on four
states:

Gn
j = G(Un

j−3/2,U
n
j−1/2,U

n
j+1/2,U

n
j+3/2, ∆t/∆x).

Note that it also depends on the ratio∆t/∆x. This scheme is based on two steps.
TheLagrange stepis solved with the help of the acoustic scheme:

yn+1−
j+1/2 = yn

j+1/2,

τn+1−
j+1/2 = τn

j+1/2 +
∆t

ρn
j+1/2∆x

(un
j+1 − un

j ),

un+1−
j+1/2 = un

j+1/2 −
∆t

ρn
j+1/2∆x

(pn
j+1 − pn

j ),

En+1−
j+1/2 = En

j+1/2 −
∆t

ρn
j+1/2∆x

((pu)n
j+1 − (pu)n

j ),

with

un
j = (un

j−1/2 + un
j+1/2)/2 + (pn

j−1/2 − pn
j+1/2)/(2(ρc)n

j ),

pn
j = (pn

j−1/2 + pn
j+1/2)/2 + (ρc)n

j (un
j−1/2 − un

j+1/2)/2,

wherey = m1/ρ, τ = 1/ρ and (ρc)n
j = max((ρc)n

j−1/2, (ρc)n
j+1/2). We then obtain(Un+1−

j+1/2)j . The grid

points have moved at the fluid velocity, approximated here byun
j . The quantities(Un+1−

j+1/2)j are then defined on
a Lagrangian grid(x∗

j )j defined byx∗
j = xj + un

j ∆t.

The second step is theprojection step. We defineUn+1−(x) as a function which is constant on each cell
of the Lagrangian grid(x∗

j )j and given byUn+1−
j+1/2 in [x∗

j ; x
∗
j+1) for all j ∈ Z. We then projectUn+1− on the

Eulerian grid(xj)j : ∆xUn+1
j+1/2 =

∫ xj+1

xj
Un+1−(x) dx.
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As a result, we get forUn+1
j+1/2:

(m1)
n+1
j+1/2 = (m1)

n
j+1/2 −

∆t

∆x
(un

j+1(m1)
n+1−
βj+1,n

− un
j (m1)

n+1−
βj,n

),

ρn+1
j+1/2 = ρn

j+1/2 −
∆t

∆x
(un

j+1ρ
n+1−
βj+1,n

− un
j ρn+1−

βj,n
),

(ρu)n+1
j+1/2 = (ρu)n

j+1/2 −
∆t

∆x
(un

j+1(ρu)n+1−
βj+1,n

− un
j (ρu)n+1−

βj,n
+ pn

j+1 − pn
j ),

(ρE)n+1
j+1/2 = (ρE)n

j+1/2 −
∆t

∆x
(un

j+1(ρE)n+1−
βj+1,n

− un
j (ρE)n+1−

βj,n

+ (pu)n
j+1 − (pu)n

j ),

where

βj,n =

{

j − 1/2 if un
j > 0,

j + 1/2 if un
j < 0.

This scheme is entropy consistent and positive (for the density ρ, the partial densitym1 and the internal energy
ε) under a classical CFL condition (DEP 01).

1.4.4 Numerical tests

In order to clarify the results, we only focus on the caseλ = 0. We setγ1 = 1.6 andγ2 = 1.4 (which gives
ρ∗1 ≈ 0.613 andρ∗2 ≈ 0.919). The initial condition is

x < 0 x > 0
partial density — 2
density 1 2
velocity -1/2 -1/2
pressure 1 1

It corresponds to a contact discontinuity going left. On figure 1.1, “Flux”, “State CV” and “State Pr” respectively
denote to the flux coupling, the state coupling with the conservative variable and the modified state coupling
with the continuity of pressure. These results have been obtained with 1000 cells and with a Courant number
equal to 0.4. We can see that only the modified state coupling enables to preserve the velocity and the pressure
constant. Moreover, a mixture (0 < m1 < ρ) appears in the negative part of the domain for the conservative state
coupling. Note that, if we aim at preserve the contact discontinuity through the coupling interface, the modified
state coupling with the continuity of pressure must be used.
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Figure 1.1: Comparison of the three methods of coupling for acontact discontinuity.
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École Polytechnique, 2004.

[DEP 01] B. Després,Lagrangian systems of conservation laws, Nümerische Mathematik, 89, 2001, pp. 99-134.
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conservation laws: I the scalar case, Nümerische Mathematik, 97, 2004, pp. 81-130.

[GOD 05] E. Godlewski, K.-C. LeThanh, P.-A. Raviart,The numerical interface coupling of nonlinear hyper-
bolic systems of conservation laws: II the case of systems, to appear in Math. Mod. and Num. Anal., 2005.

[HER 05a] J.-M. Hérard,Some problems arising in Neptune project, proceedings of FVCA IV, 2005.

[HER 05b] J.-M. Hérard, O. Hurisse,Coupling one and two-dimensional models through an interface, EDF
internal report HI-81/05/01/A.
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Chapter 2

Extension of interface coupling to general
Lagrangian systems

Abstract We study the coupling of two gas dynamics systems in Lagrangian coordinates at the interfacex = 0.
The coupling condition was formalized in (9), (10) by requiring that two boundary value problems should be
well-posed, and it yields as far as possible the continuity of the solution at the interface. In this work we prove
that we may choose the variables we transmit and extend the theory to Lagrangian systems of different sizes. The
coupling condition is expressed in terms of Riemann problems, which is well suited for the numerical methods
we are interested in implementing. Moreover this formalismis well adapted to Lagrangian systems since the sign
of the wave speeds is known, which enables us to solve the coupled Riemann problem.

2.1 Introduction

We are interested in the study of the coupling of two different hyperbolic systems at a fixed interface. In (9), a new
coupling condition (CC in the sequel) is defined which results by expressing that two boundary value problems
should be well-posed and the approach is justified in the scalar case. This CC resumes to impose as far as possible
the continuity of the solution at the interface. The case of linear systems and ideas for the Euler system follow in
(10). Here, we show that in fact we can choose the set of dependent variables which is transmitted and illustrate
the result with systems in Lagrangian coordinates for whichthe solution of the coupled Riemann problem is given
explicitly and illustrated numerically. We have chosen to express the boundary conditions in terms of Riemann
problems (see (7)). This approach is well suited for the numerical methods we are interested in implementing
and linked to the theoretical results concerning the convergence of the two-flux method in the scalar case (9).

We first describe the theoretical settings and precise our notations. The case of of thep−system is then
detailed, with numerical illustrations and Lagrangian systems are considered in the following sections.

2.1.1 Coupling procedure

Let Ω ⊂ Rp be the set of states and letfα, α = L, R, be two ‘smooth’ functions fromΩ into Rp. Given a function
u0 : x ∈ R → u0(x), we want to find a functionu : (x, t) ∈ R × R+ → u(x, t) ∈ Ω solution of

∂tu + ∂xfL(u) = 0, x < 0, t > 0, (2.1)

∂tu + ∂xfR(u) = 0, x > 0, t > 0, (2.2)

satisfying the initial conditionu(x, 0) = u0(x), x ∈ R, and at the interfacex = 0, a coupling condition CC which
we now describe. We have chosen this CC in order to obtain two well-posed initial boundary-value problems in
x > 0, t ≥ 0 and inx < 0, t ≥ 0. This means that the traceu(0−, t) (resp. u(0+, t)), t ≥ 0, should be an
admissible boundary condition atx = 0 for the system inx > 0 (resp.x < 0). We will assume that the systems
are hyperbolic, i.e. forα = L, R, the Jacobian matrixf ′α(u) of fα(u) is diagonizable with real eigenvalues
λα,k(u) and corresponding eigenvectorsrα,k(u), 1 ≤ k ≤ p. Then we introduce the solution of the Riemann
problem for the system associated to the fluxfα,

u(x, t) = Wα(x/t;uL,uR)

11
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i.e. the solution of∂tu + ∂xfα(u) = 0 with initial condition

u(x, 0) =

{

uL, x < 0,
uR, x > 0.

(2.3)

We set for allb ∈ Ω,

OL(b) = {w = WL(0−;uℓ,b);uℓ ∈ Ω}
OR(b) = {w = WR(0+;b,ur);ur ∈ Ω} (2.4)

and we define admissible boundary conditions of the formu(0−, t) ∈ OL(b(t)), t > 0, for (2.1) (resp.
u(0+, t) ∈ OR(b(t)), t > 0, for (2.2)). Hence natural coupling conditions for problem (2.1)–(2.2) consist
in requiring

{

u(0−, t) ∈ OL(u(0+, t)),
u(0+, t) ∈ OR(u(0−, t)).

(2.5)

The approach is thoroughly justified in the scalar case (9) and for linear systems (10). In (9) it is shown that
this is indeed a ‘reasonable’ way of coupling two conservation laws in the sense that, in meaningful situations,
the coupled problem has a unique solution and the ‘natural’ numerical upwind scheme (the so called two-fluxes
scheme) converges to this solution. Condition (2.5) resumes in a number of cases to the continuity of the solution
at the interface

u(0−, t) = u(0+, t). (2.6)

Thus we may interpret the coupling condition as a way of ensuring in a weak sense the continuity, we will say
thetransmissionof the conservative variables.

2.1.2 Numerical coupling

We use a finite volume method for each system (2.1), (2.2). Let∆x, ∆t, denote the uniform space and time steps,
µ = ∆t/∆x, tn = n ∆t, n ∈ N, Cj+1/2 = (xj , xj+1), the cell with centerxj+1/2 = (j + 1/2)∆x, j ∈ Z.
The initial condition is discretized byu0

j+1/2 = 1
∆x

∫

Cj+1/2
u0(x)dx, j ∈ Z. For the numerical coupling, we are

given two numerical fluxesgL, gR (gα is consistent withfα) corresponding to 3-point monotone schemes (under
some CFL condition), we setgn

α,j = gα(un
j−1/2,u

n
j+1/2) and define the scheme by

un+1
j−1/2 = un

j−1/2 − µ
(

gn
L,j − gn

L,j−1

)

, j ≤ 0, n ≥ 0,

un+1
j+1/2 = un

j+1/2 − µ
(

gn
R,j+1 − gn

R,j

)

, j ≥ 0, n ≥ 0,

(see also (1) in another context). So we have one fixed interface atx = 0 and two fluxesgn
α,0. The choice

gn
α,0 = gα(un

−1/2,u
n
1/2), α = L, R corresponds to transmit the conservative variables. Namely, if j ≥ 0,

the scheme with fluxgR approximates the IBVP (2.1) with initial conditionu(x, 0) = u0(x), x > 0 and for
boundary condition atx = 0, the scheme takesun

−1/2. Sincegn
L,0 6= gn

R,0, it is a nonconservative numerical
approach, as for the continuous problem. For example, the flux at the boundary with Godunov’s scheme is
gn

R,0 = fR(WR(0+;un
−1/2,u

n
1/2)).

2.1.3 Choice of transmitted variables

When dealing with physical systems, we may prefer to transmit not the conservative variables but thephysical
variables, or even the flux. Now, assume that there exists a change of variablesv → u = ϕα(v); α = L, R from
some setΩv ⊂ Rp ontoΩ such thatϕ′

α(v) is an isomorphism ofRp. Then ifc is a given boundaryphysicaldata,
settingbα = ϕα(c), we defineOL(bL) andOR(bR) which are admissible boundary sets for the systems (2.1)
and (2.2) respectively. Thus we now require

{

u(0−, t) ∈ OL(ϕL(v(0+, t)),
u(0+, t) ∈ OR(ϕR(v(0−, t)).

(2.7)

SinceϕL(v(0+, t)) 6= ϕR(v(0+, t)) = u(0+, t), the boundary sets in (2.5) and (2.7) are a priori distinct.
Conditions (2.7) will ensure whenever possible the transmission ofphysicalvariables and their continuity instead
of (2.6)

v(0−, t) = v(0+, t). (2.8)
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We are going to illustrate the two choices in the coupling procedure on thep− system and then for the full Euler
system in Lagrangian coordinates. On the one hand, it is a simplified model of what we get when coupling
more complex models associated to distinct systems whose closure laws are not always compatible, as will
happen for instance in the context of thermal-hydraulics. On the other hand, the analysis will justify the use of
Lagrange+projection schemes when coupling systems in Eulerian coordinates at a fixed interface. Note however
that for the Euler system in Lagrangian coordinates, the interface is characteristic and corresponds to a contact
discontinuity. Hence, the coupling does not yield the continuity (2.6) or (2.8) for all the components. In our
case, physical arguments, such as the continuity of some primitive quantities (for instance velocity and pressure)
help defining the transmission. However, both theoretical considerations and numerical results obtained on some
significant tests when coupling Euler systems (see (3)(4)) will prove that if several CC based on continuity
arguments are feasible, one cannot maintain all the conservation properties and we must choose which we want
to be preserved.

2.2 Coupling twop−systems

We consider two systems (2.1) and (2.2) with






u = (τ, v)T , τ > 0
fL(u) = (−v, p)T , p = pL(τ),
fR(u) = (−v, p)T , p = pR(τ).

(2.9)

The two systems differ by the pressure lawp = p(τ). We assume thatp′α < 0, p′′α > 0. The eigenvalues are
±
√

−p′α.
We first transmit the conservative variables(τ, v). The study of the Riemann problem is needed in order to

express the CC. We denote byCi
α(u−) the i−wave curve, i.e., the set of states that can be connected to a given

stateu− by ai− wave (either rarefaction or admissible shock) relative to thep−system with fluxfα. Expressing
(2.5) gives thatu(0−) is connected tou(0+) by a 2 − L (positive) wave which meansu(0+) ∈ C2

L(u(0−))
and similarly (for the right condition) by a1 − R (negative) wave. Thusu(0+) ∈ C2

L(u(0−)) ∩ C1
R(u(0−)) and

u(0+) = u(0−) because it is well known that the two wave curves intersect atonly one point in the plane(τ, v)
(see for instance (8)).

Now the IBVP’s in both half planes are also well posed if one ‘imposes’ a given(v, p) onx = 0. Indeed, by
assumptionp′α < 0, we can define its inverse mappingτα(p) for α = L, R. Settingv = (v, p)T , we have an
admissible change of variables:u = ϕα(v) where

(v, p) → ϕα(v, p) ≡ (τ, v) (2.10)

is simply defined byτ = τα(p), for instance ifpα(τ) = τ−γα , τα(p) = p−1/γα .
We now transmit this set of variables(v, p). Expressing the coupling condition (2.7) yields thatϕR(v(0−, t))

is connected tou(0+, t) = ϕR(v(0+, t)) by a1−R wave. We can parametrize the wave curves byp and project
them onto the(v, p)−plane (see (8), Chapter I, section 7). If the1 − R wave curve isC1

R(u(0−)) = {(τ, v); v =
Ψ1,R(τ)}, thenC̃1

R(v(0−)) = {(v, p); v = Ψ1,R(τR(p))} = {(v, p); ϕR(v, p) ∈ C1
R(u(0−))}=ϕ−1

R (C1
R(u(0−)))

is its representation in the(v, p)−coordinates, we then havev(0+) ∈ C̃1
R(v(0−)). Similarly, u(0−, t) ∈

OL(ϕL(v(0+, t))) yields v(0+) ∈ C̃2
L(v(0−)). We getv(0+) ∈ C̃1

R(v(0−)) ∩ C̃2
L(v(0−)) and it is easily

proved that the two curves intersect at only one point in the plane(v, p) so thatv(0+) = v(0−). Hence we do
have continuity ofv, p, but not ofτ sinceτ(0+) = p(0+)−1/γR 6= p(0−)−1/γL = τ(0−).

Let us illustrate the results on the solution of a Riemann problem (the exact solution is known). We take
a uniform grid, with 150 meshes and a first-order explicit Roe-type coupled scheme, the CFL is 0.5. The two
pressure laws arepα(τ) = τ−γα with γL = 1.4, γR = 1.6, and we represent in this orderτ , v andp at a given
time t (exact and approximate solution). We note in fig.2.1, left part, the continuity ofτ, v the discontinuity ofp
atx = 0 while in the right part we note the discontinuity ofτ and the continuity ofv, p.

2.3 Coupling two Euler systems in Lagrangian coordinates

We consider the system of gas dynamics in Lagrangian coordinates

∂tu + ∂xf(u) = 0,u = (τ, v, e)T , f(u) = (−v, p, pv)T . (2.11)
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Figure 2.1: Transmission ofu = (τ, v) left vsv = (v, p) right for the coupledp−system

In (2.11),x stands for a mass variable,τ denotes the specific volume,v the velocity,e = ε + 1
2v2 the specific

total energy,ε the specific internal energy, and we assume that the pressurep is a given functionp = p(τ, ε).
We study the coupling of two such systems atx = 0 thus at a contact discontinuity separating two fluids with
different equations of statep = pα(τ, ε), α = L, R. We denote by

fα(u) = (−v, p, pv)T , p = pα(τ, ε), α = L, R, (2.12)

the corresponding flux functions. The eigenvalues of the Jacobian matrix off(u) areλ1(u) = −C < λ2 = 0 <
λ3(u) = C, whereC =

√−pτ + ppε denotes the Lagrangian sound speed. In this case, the interfacex = 0 is
characteristic (λ = 0 is an eigenvalue) hence, in general, the coupling does not yield the continuity of (2.6) nor
of (2.8). However we have for each system one strictly positive and one strictly negative eigenvalue and we will
see that it yields the continuity of a subset of two variables. When coupling the two systems (2.1) and (2.2) with
fα given by (2.12), we may want to transmit also the velocity andthe pressure. This corresponds to the CC (2.7)
expressed in primitive variables

v = (τ, v, p)T . (2.13)

The change of variablesu = (τ, v, e)T = ϕα(v), is defined assuming that the functionsp = pα(τ, ε) may
be inverted inε = εα(τ, p), which is the case for instance for an ideal polytropric gas satisfying aγ-law p =
(γ − 1)ε/τ , more generally, we assume∂p

∂ε > 0.

2.3.1 Coupling with transmission of primitive variables

The Riemann problem for (2.11) is usually solved using primitive variable because the ‘projection’ of the wave
curves on the(v, p)-plane are easily expressed. LetuL anduR be two given states. We denote byS1

R(uL)
the 1−wave curve consisting of statesu which can be connected touL on the right by either a1−shock or a
1−rarefaction wave corresponding to the equation of statep = pR(τ, ε). Similarly, given a right stateuR, we
denote byS3

L(uR), the (backward) 3-wave curve consisting of left statesu which can be connected touR by a
3−shock or a3−rarefaction wave corresponding to the equation of statep = pL(τ, ε). We denote byS1

R(vL) and
S3

L(vR) the ‘projections’ (in a sense to be precised below) onto the(v, p)-plane of the wave curvesS1
R(uL) and

S3
L(uR) respectively. In factSi(vL) is the projection of thei−wave curveϕ−1(Si(uL)) expressed in primitive

variablesv = (τ, v, p)T on the(v, p)-plane:

ϕ−1(Si(uL)) =
{

v = (τ, v, p)T ; ϕ(v) ∈ Si(uL)
}

and
Si(vL) =

{

(v, p); (τ, v, p)T ∈ ϕ−1(Si(uL))
}

.

Proposition In the case (2.13), the coupling conditions (2.7) are equivalent to

v(0−, t) = v(0+, t), p(0−, t) = p(0+, t). (2.14)



2.4. COUPLING LAGRANGIAN SYSTEMS OF DIFFERENT DIMENSIONS 15

The proof consists as for thep−system in expressing the CC (2.7) in terms of solutions of Riemann problems
and intersection of the projected wave curves. We assume that the curvesS1

R(vℓ) andS3
L(vr) intersect at one

point at most.

2.3.2 Transmission of conservative variables

In this case, the(v, p)− plane is not well suited, sincep is no longer a transmitted variable. For twoγ−laws

pα = (γα − 1)ε/τ (2.15)

we can think of the plane(v, π = ε/τ), sinceπ is a variable independent of the pressure law. Indeed, following
the above arguments while projecting on the(v, π)−plane, we can proveProposition Assuming (2.15), the
coupling conditions (2.5) are equivalent to

{

v(0−, t) = v(0+, t),
ε

τ
(0−, t) =

ε

τ
(0+, t).

(2.16)

We can easily extend the result to the case of pressure laws which can be written as a function of one de-
pendent variableπ = π(τ, ε) i.e. such thatpα(τ, ε) = pα(π(τ, ε)). The above argument will show that(v, π)
is continuous at the interfacex = 0. For general pressure laws, the velocity need not be continuous. This is in
particular the case for two pressure laws of Grüneisen type

pα(τ, ε) = (γα − 1)
ε

τ
+ c2

α(
1

τ
− 1

τref,α
), α = L, R. (2.17)

such that c2
L

γL−1 6= c2
R

γR−1 (for details, we refer to (5)).

2.4 Coupling Lagrangian systems of different dimensions

We consider thep−system (2.9) in the left half-plane and the Euler system in Lagrangian coordinates (2.11) in
the right half-plane (using in this section capital lettersto distinguish the conservative variables)

∂u

∂t
+

∂

∂x
f(u) = 0, x < 0, u = (τ, v)T , fL(u) = (−v, p)T , p = pL(τ)

and
∂U

∂t
+

∂

∂x
FR(U) = 0, x > 0,U = (τ, v, e)T ,FR(U) = (−v, p, pv)T , p = pR(τ, ε).

The dimensions of the two systems are now different, but the physical context helps to give a meaning to the
coupling since some state variables such as the specific volumeτ , velocityv or pressurep are defined for each
model. We write the CC using the variables(v, p) that are common to the two systems and which we have seen
are good candidates for both. We reconstruct the missing variable for the smaller system in such a way that we
may transmit the velocity and the pressure. Indeed, we can lift v = (v, p)T by reconstructingτ when we transmit
from the left to the right

v = (v, p)T → L(v) = (τ, v, p)T , τ = τL(p), (2.18)

wherep → τL(p) is the inverse ofpL(τ). And we easily projectV when we transmit from the right to the left

V = (τ, v, p)T → P(V) = (v, p)T . (2.19)

Using the previously defined admissible change of variablesϕα, the CC naturally writes
{

u(0−, t) ∈ OL(ϕL(P(V(0+, t))
U(0+, t) ∈ OR(ϕR(L(v(0−, t)).

(2.20)

We obtain the following result.Proposition Assuming (2.18) with (2.19), the coupling conditions (2.20) are
equivalent to

{

v(0−, t) = v(0+, t),
p(0−, t) = p(0+, t).

(2.21)
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2.5 Conclusion

The extension of the previous approach to general Lagrangian systems requires some technical developments but
is straightforward and presented in (5). This work is part ofan ingoing joint research program on multiphase
flows between CEA and University Pierre et Marie Curie. Othertopics encountered in the context of the coupling
of two-phase flow models are developed in (2) (3) (4).
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Chapter 3

Couplage de deux syst̀emes de la
dynamique des gaz

Résuḿe Dans la modélisation et la simulation des systèmes complexes, il est souvent nécessaire d’utiliser des
modèles adaptés à chaque composante afin de prendre en compte leur comportement spécifique. Dès lors, un
couplage de ces différents modèles doit être effectué pour obtenir une description complète et cohérente du
système dans sa globalité. Dans ce travail, on se propose de coupler deux modèles de la dynamique des gaz
eulérienne en une dimension d’espace, et d’étendre à ce contexte la méthode double-flux proposée par Abgrall et
Karni (3). Des expériences numériques illustreront le bien-fondé de l’approche.

Abstract When modelling and simulating complex systems, one often needs to use specific models for each
component to take into account their specific behavior. We are thus led to couple these models in order to get a
complete and coherent description of the system as a whole. This study is devoted to the coupling of two systems
of gaz dynamics writen in eulerian coordinates, when extending to this setting the two-flux method proposed by
Abgrall and Karni (3). Some numerical evidences will justify the validity of our approach.

3.1 Introduction

Le cadre général de ce travail est l’étude numérique du couplage de modèles hydrodynamiques d’équations aux
dérivées partielles. La véritable motivation concernela simulation du fonctionnement de systèmes complexes qui
nécessitent l’utilisation de plusieurs modèles pour décrire finement les comportements spécifiques à chaque com-
posante. C’est le cas par exemple dans un réacteur à eau sous pression : l’écoulement du fluide de refroidissement
peut être décrit par un modèle laminaire 1D dans les canalisations, et par un modèle turbulent 3D dans le cœur
du réacteur. La description du dispositif complet s’obtient alors par un couplage des différents modèles utilisés
au niveau d’interfaces fixes. Des situations similaires apparaissent dans l’approximation numérique des systèmes
multifluides : dans ce contexte, la dynamique de l’écoulement est celle de deux fluides possédant des lois d’état
différentes et couplés au niveau d’une interface physique en mouvement.

D’une manière générale, la problématique du couplage soulève des questions intéressantes mais difficiles.
D’un point de vue théorique tout d’abord, la principale difficulté consiste à comprendre comment lier les systèmes
devant être couplés afin d’obtenir une description cohérente de l’écoulement vu dans sa globalité. En d’autres
termes, il s’agit de définir des conditions dites de transmission permettant de préciser les informations devant
être échangées par deux systèmes au niveau d’une interface de couplage. Nous n’aborderons pas ici l’étude de
ces conditions pour laquelle nous renvoyons le lecteur à (1), (2). D’un point de vue numérique maintenant, il
s’agit de forcer la validité des conditions de transmission au niveau discret. Dans (1), les auteurs ont analysé et
justifié dans le cas d’une équation scalaire la méthodedouble fluxrécemment proposée par Abgrall et Karni (3)
et initialement dédiée à la simulation numérique des écoulements multifluides.

Afin de mettre en avant les principales difficultés liées àl’extension de cette approche au couplage de
systèmes généraux, le présent travail se propose d’étudier numériquement le couplage de deux systèmes de la dy-
namique des gaz en une dimension d’espace. D’apparence simple, cet exemple illustre déjà un certain nombre de
problèmes. Nous montrerons au cours de l’exposé comment coupler deux systèmes de taille différente. Le choix
des conditions de transmission sera ici motivé par des considérations physiques. Des expériences numériques
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illustreront le bien-fondé de l’approche proposée.

3.2 Position du probl̀eme

On se propose d’étudier le couplage de deux systèmes de la dynamique des gaz écrits en coordonnées eulériennes
et notésS1 etS2. Les équations d’évolution trouvent la forme suivante :







∂tρ + ∂x(ρu) = 0,
∂t(ρu) + ∂x(ρu2 + p) = 0,
∂t(ρE) + ∂x(ρE + p)u = 0.

(3.1)

Elles représentent la conservation de la masseρ, de la quantité de mouvementρu et de l’énergie totaleρE. Les
propriétés thermodynamiques sont données par une équation d’état générale

p = p(ρ, ε), ρε = ρE − 1

2
ρu2, (3.2)

dépendant du système considéré. On noterap1 = p1(ρ, ε) (respectivementp2 = p2(ρ, ε)) la relation de fermeture
associée au systèmeS1 (respectivementS2). Pour des fluides parfaits par exemple, l’équation d’état estp =
(γ − 1)ρε où γ représente le rapport des chaleurs spécifiques. On noteradans ce casγ1 et γ2 les coefficients
associés aux systèmesS1 etS2.

En introduisant la forme condensée suivante pour le systèmeSi, i = 1, 2 :

∂tu + ∂xfi(u) = 0, u = (ρ, ρu, ρE)T ,

le problème du couplage des systèmesS1 et S2 se pose de la manière suivante. On suppose que l’écoulement
considéré est idéalement décrit par le systèmeS1 dans le domaineΩ1 = {x < 0, t > 0} et par le systèmeS2

dans le domaineΩ2 = {x > 0, t > 0}. Il s’agit donc de résoudre le problème suivant :

DomaineΩ1 = {x < 0, t > 0}

SystèmeS1 :

∂tu + ∂xf1(u) = 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

DomaineΩ2 = {x > 0, t > 0}

SystèmeS2 :

∂tu + ∂xf2(u) = 0

(3.3)

Il reste maintenant à préciser comment coupler ces deux systèmes au niveau de l’interface fixex = 0. D’un
point de vue physique, une méthode naturelle viserait à imposer la continuité du fluxf(u) au niveau de l’interface
afin d’assurer la conservation deρ, ρu et ρE dans le problème couplé. Une autre approche tout aussi naturelle
proposerait quant à elle d’assurer, dans la mesure du possible, la continuité de variables physiques telles que la
vitesseu et la pressionp à l’interface de couplage. Dans la section suivante, nous mettons en évidence sur un
exemple très simple une incompatibilité entre ces deux m´ethodes de couplage. Nous serons alors amenés à faire
un choix avant d’aborder le traitement numérique du probl`eme de couplage considéré.

3.3 Etude d’un profil uniforme

Dans cette section, nous considérons un profil initial constant pour le problème de couplage (3.3). Par constant,
nous entendons que chaque variable physique densité, vitesse et pression a une valeur constante et identique de
part et autre de l’interface de couplage :(ρ, u, p)(x, t = 0) = (ρ0, u0, p0) pourx < 0 et aussi pourx > 0.

Nous supposeronsu0 6= 0. Ce profil initial étant physiquement stable, on se proposed’examiner la conserva-
tion de l’énergie totaleρE pour la solution stationnaire associée. Notons tout d’abord que les lois d’étatp1(ρ, ε)
etp2(ρ, ε) étant distinctes à gauche et à droite de l’interface, lesvaleurs des énergies internes correspondantesε1

et ε2 sont différentes. Pour des fluides parfaits par exemple, nous avons

ε1 =
p0

γ1 − 1
6= ε2 =

p0

γ2 − 1
.
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Une évaluation de la quantité∂t(ρE)+ ∂x(ρE + p)u en moyenne sur le volume élémentaireV = [−1/2, 1/2]×
[0, T ] avecT > 0 donne immédiatement la valeur

A(T ) − A(0) + B(1/2)− B(−1/2) = ρ0u0p0(
1

γ2 − 1
− 1

γ1 − 1
)T 6= 0, (3.4)

avec

A(t) =

∫ 1/2

−1/2

(ρE)(x, t)dx et B(x) =

∫ T

0

(ρEu + pu)(x, t)dt.

Nous observons donc que l’énergie totaleρE n’est pas conservée sur le domaine[−1/2, 1/2] entre les instants
t = 0 et t = T . Des calculs similaires montrent en revanche queρ et ρu sont conservées. Sur la base de
cet exemple, il n’est donc pas possible de préserver la continuité de la vitesse et de la pression au niveau de
l’interface, tout en conservant l’énergie totale. Bien entendu, ce résultat persiste pour un profil initial associéà
une onde de matière (i.e. présentant éventuellement une discontinuité en densité). Dans la section suivante, nous
faisons le choix de proposer un schéma numérique conservant autant que possible la densité et la quantité de
mouvement, et préservant les profils uniformes. Nous décidons donc d’abandonner la conservation de l’énergie
totale.

3.4 La méthode double-flux

Dans cette section, nous décrivons la méthode double-fluxpour le problème de couplage posé. Nous étendons à
ce contexte la stratégie proposée dans (3). Il s’agit d’une méthode de type volumes finis. On considère pour cela
un maillage formé à partir d’un pas d’espace∆x, d’un pas de temps∆t, et des pointsxj = j∆x et tn = n∆t,
et on cherche à chaque instanttn une valeur moyenne de la solutionu sur la celluleCj+1/2 = [xj , xj+1], j ∈ Z.
On note que pourj < 0 (respectivementj ≥ 0), la celluleCj+1/2 est située dans le domaine associé àΩ1

(respectivementΩ2).
Dans ce contexte, on se donne deux fonctions flux numériqueg1 etg2 pour approcherf1 et f2, et on considère
les schémas conservatifs à3-points suivants (par souci de simplicité et sans aucune restriction) pour discrétiser
les systèmesS1 etS2 :

un+1
j−1/2 = un

j−1/2 − ∆t
∆x(g1,j − g1,j−1) j ≤ 0,

un+1
j+1/2 = un

j+1/2 − ∆t
∆x(g2,j+1 − g2,j), j ≥ 0,

(3.5)

avec pour toutj 6= 0 :

g1,j = g1(un
j−1/2,u

n
j+1/2), g2,j = g2(un

j−1/2,u
n
j+1/2). (3.6)

Le couplage des systèmesS1 et S2 au niveau numérique se fait ici par l’évaluation des quantitésg1,0 et g2,0.
Il s’agit de préciser l’information devant être transmise au niveau de l’interface à chacun des systèmes. Con-
formément à la section précédente, nous proposons que chaque système transmette à son homologue ses variables
primitives(ρ, u, p), ce qui se traduit par

g1,0 = g1(un
−1/2,u

n
1/2), g2,0 = g2(un

−1/2,u
n
1/2), (3.7)

avec

un
1/2 = (ρn

1/2, (ρu)n
1/2, (ρE)n

1/2),

et (ρE)n
1/2 =

1

2

(ρu)n
1/2

2

ρn
1/2

+ ρn
1/2ε1(ρ

n
1/2, p

n
1/2),

un
−1/2 = (ρn

−1/2, (ρu)n
−1/2, (ρE)n

−1/2),

et (ρE)n
−1/2 =

1

2

(ρu)n
−1/2

2

ρn
−1/2

+ ρn
−1/2ε2(ρ

n
−1/2, p

n
−1/2).
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Notons bien que(ρE)n
1/2 6= (ρE)n

1/2 et (ρE)n
−1/2 6= (ρE)n

−1/2. Dans le cas de gaz parfaits, nous avons par
exemple

(ρE)n
1/2 =

1

2

(ρu)n
1/2

2

ρn
1/2

+
pn
1/2

γ1 − 1
6= (ρE)n

1/2 =
1

2

(ρu)n
1/2

2

ρn
1/2

+
pn
1/2

γ2 − 1
.

Nous observerons dans la section suivante qu’une transmission des variables conservatives(ρ, ρu, ρE) (obtenue
en remplaçantun

1/2 parun
1/2 et un

−1/2 parun
−1/2 dans (3.7)) ne permet pas de préserver les ondes de matière

isolées (et donc les profils constants étudiés dans la section précédente). Notons également que le schéma
numérique obtenu n’est pas conservatif enρ, ρu et ρE puisqu’en généralg1(un

−1/2,u
n
1/2) 6= g2(un

−1/2,u
n
1/2).

Concernant la masse et la quantité de mouvement, les erreurs de conservation se sont révélées être non signi-
ficatives (voir également (3)). Soulignons toutefois qu’il est possible de construire un schéma conservatif enρ et
ρu (au sens strict du terme) et préservant les ondes de matière par le biais d’une approche Lagrange+Projection.
Nous renvoyons pour cela le lecteur à (4).

3.5 Tests nuḿeriques

Les exemples suivants illustrent numériquement le comportement de la méthode double-flux. Nous considérons
pour cela des lois de gaz parfait associées aux coefficientsγ1 = 1.4 etγ2 = 1.6. Les grilles utilisées contiennent
200 points (∆x = 0.005).
Nous étudions tout d’abord le cas d’un profil initial constant avec les valeursρ0 = u0 = p0 = 1. La figure
3.1 représente les profils en vitesse et pression obtenus avec les deux versions de la méthode, suivant le choix
des variables transmises à l’interface. Nous observons comme cela était attendu que seule une transmission des
variables primitives permet de préserver l’état stationnaire. Le même phénomène est observé dans le cas d’une
onde de matière quelconque. La figure 3.2 illustre quant à elle la perte relative de conservation de l’énergie totale
mise en évidence dans la section 3.3.
L’expérience suivante explique le comportement du probl`eme de couplage lorsqu’une onde de détente provenant
du domaine de gauche vient frapper l’interface de couplage.Nous observons sur la figure 3.3 que le changement
de loi d’état génère une onde réfléchie. La figure 3.4 meten évidence une perte d’énergie totale lorsque l’onde
simple heurte l’interface de couplage.
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Figure 3.1: Etat initial constant : vitesse et pression
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Figure 3.3: Onde de détente : vitesse et pression

-0.002

 0

 0.002

 0.004

 0.006

 0.008

 0.01

 0.012

 0.014

 0.016

 0  1e-05  2e-05  3e-05  4e-05  5e-05  6e-05  7e-05  8e-05  9e-05  0.0001

double flux - variables primitives
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Chapter 4

Coupling of multiphase flow models

En collaboration avec Jean-Marc Hérard, EDF DRD 6, quai Watier, F-78400 Chatou, France,
jean-marc.herard@edf.fr

Abstract When modelling and simulating complex systems, one often needs to use specific models for each
component to take into account their behavior. This is the case, for instance, for the modelling of the coolant
flow in a Pressurized Water Reactor. In the frame of the NEPTUNE project, it is clear that to obtain a complete
and coherent description of the system as a whole, one needs to couple these different models. We thus consider
two separate domains sharing an interface. In each one, a different model is used to describe the flow. We want
to single out the information to be transmitted through the interface in a way to obtain a coherent description of
the unsteady flow. As an example, we consider a one-dimensional flow described everywhere by the same set of
equations. An interface separates a region where the fluid isdescribed by a given EOS and another region with
a different EOS. This is a very common case in practice, sincethe tabulated thermodynamic functions used by
different codes present some discrepancies. We compare different coupling schemes, originated from two distinct
and relevant modelling choices and we show that they can leadto different solutions.

4.1 Introduction

Coupling different thermal-hydraulic models has become a key issue in the development of a new generation of
two-phase flow codes for nuclear reactors as in NEPTUNE, see (9).
In these codes, multiple modelling scales are applied to describe the flow. For instance, different models can be
used to describe each reactor component to take into accounttheir specific behavior or small scale models can be
used, locally, to obtain a better geometric description of the flow.
When these models are put side to side to describe the whole circuit, we face the problem of coupling. In partic-
ular we need to identify which is the information to be transmitted at each coupling interface to have a coherent
description of the system.

In the framework of NEPTUNE project, some tests of interfacecoupling have been implemented (4) and the
results obtained give rise to some interesting questions and show that a deep analysis of the problem is necessary.
Even in some very simple cases, the coupling can be source of errors. Actually, when computing a solution of
a coupled problem, we are intervening on three stages. The first is on the level of the physical modelling, when
we define which is the information to be transmitted at the interface. The second is linked with the analysis
of the chosen coupled model, which can admit multiple solutions. Finally, problems can arise in the numerical
approximation of the model.

In Section 4.2 we list some aspects of the coupling problem. As it will become apparent, different difficulties
must be faced to couple two generic models as the ones encountered in the simulation of the coolant flow in a
nuclear reactor. In order to better understand their role inthe generic coupling problem, we choose to focus on
each one of them separately, in a first time.

On the mathematical point of view, two main approaches can besingled out to model the coupling problem.
On the one hand, a global model can be used to describe the flow at the interface of coupling, while the distinct
models on each side of it must be seen as deriving from this global model. On the other hand, the coupling prob-
lem can be interpreted as the juxtaposition of two initial boundary problems (one on each side of the interface).
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The coupling being insured by the choice of “compatible” boundary conditions to be imposed at the interface.
These approaches are described in Section 4.3.

In Section 4.4, we discuss one particular coupling problem.We consider a one-dimensional flow described
everywhere by the same set of equations. An interface atx = 0 separates a region where the fluid is described
by a given EOS and another region where the EOS is slightly modified. This is a very common case in practice,
since the tabulated thermodynamic functions used by different codes present some discrepancies. We describe
and compare the different coupling techniques we propose inthis example. Numerical results are presented in
Section 4.5.

4.2 Examples of interface coupling of models

Building a code to have predictive computations of the flow inthe primary coolant circuit of a pressurized power
reactor requires using different codes involving different systems of PDE on each side of a “fictitious” interface.
The model chosen to describe the flow in pipes may for instancebe a six-equation two-fluid model, whereas
the one considered in the core may be a three-equation model (to account for total mass, total energy and total
momentum of the water-vapor mixture). The problem clearly is the following: what kind of information should
be transferred through the interface, in such a way that incoming/outcoming information traveling through both
codes should not be polluted by the neighboring code? This leads directly to the mathematical question of
existence and uniqueness of physically relevant solutionsof the whole problem including this new “interface”
information. Moreover, efficient, stable and accurate waysto account for this “interface” information need to be
defined. We itemize below some examples of the different models we need to couple.

4.2.1 Open medium / porous medium

A first problem which has been identified concerns the transmission of information through a porous interface.
The flow on the left side of a steady interface is governed by standard Euler equations in a free medium, whereas
it enters a porous medium on the right. Thus the only heterogeneity pertains to the porosity. In (10), the whole
is modeled according to ideas similar to those developed by Greenberg and Leroux (8). This approach suggests
a connection through the interface when Genuinely Non Linear fields do not overlap the steady interface. Some
possible numerical ways to account for this have been definedand compared with approaches where the interface
is thickened. When some GNL field overlaps the interface, theagreement of the numerical approximation with
the entropy inequality has been checked for each scheme.

4.2.2 Flows through pipes and reactors

A second straightforward problem immediately arises when connecting the CATHARE code and the THYC code
(or alternatively the FLICA code) for instance. In that case, one has to cope with a one-dimensional model (on
the left side of a fictitious interface) which suddenly becomes three-dimensional. One may a priori think that no
problem will occur when the flow comes from the left to the right (in the common sense, i.e.U > 0), and that
on the contrary some pollution of the numerical signal cannot be avoided when (U < 0). The work (11) partially
investigates this topic, and shows that previous ideas givefair results from an engineering point of view.

4.2.3 The influence of thermodynamical EOS

A commonly disregarded point is the sensibility of computational results to the choice of EOS in codes. During
the last thirty years, various thermodynamical approacheshave been proposed and implemented in internal soft-
wares in different companies. The direct consequence is that the interfacial coupling of different codes involving
these different softwares may result in unexpected disturbances around the interface, which in addition may prop-
agate through (and reflect on) the fictitious boundary. It thus urges to examine the coupling of similar equations
with arbitrary jumps of coefficients, retaining rather simple equations of state. This problem is treated in detail in
Section 4.4.
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4.2.4 Relaxed / unrelaxed models

As it has been underlined above, we also need to investigate the coupling of totally distinct models in a one di-
mensional open medium frame. The main goal of such concern isof course the clear definition of the information
to be exchanged between a six-equation two-fluid model and a four-equation homogeneous model. For that pur-
pose, we must first examine: (i) the coupling of a relaxed and unrelaxed model (typically HEM and HRM) ; (ii)
the coupling of first order homogeneous models (typically a two-fluid model and a homogeneous three-equation
model, assuming that no mass transfer occurs during the computation). We also have to check what is the best
numerical strategy in order to account for relaxation terms(mass transfer, drag effects, energy transfer) in an
unsteady (or steady) computation, which is clearly linked to point (i). The results of (12) suggest that different
numerical approaches should be retained depending whetherone focuses on steady or unsteady coupling. Point
(i) is currently under investigation (3), (2), (13).

4.3 Mathematical model of the coupled problem

We describe in this section the general framework of the coupling problem and the two main approaches to treat
it. We consider a domainΩ ∈ R

n divided in two sub-domainsΩ1 andΩ2 by an interface.
A flow in Ω is described by means of two different models onΩ1 andΩ2. We callWα (α = 1, 2) the vector of
the unknowns describing the fluid onΩα.
The most general case consists in takingW1 ∈ R

q andW2 ∈ R
p with q 6= p, i.e. the number of equations in the

models is not the same.
The problem reads, in this case

W1 ∈ R
q ,

∂tW1 +
n
∑

i=1

∂xiFi,1(W1)+

+
n
∑

i=1

Gi,1∂xiW1 = S1(W1) ,

on R+ × Ω1 ,

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

W2 ∈ R
p ,

∂tW2 +
n
∑

i=1

∂xiFi,2(W2)+

+
n
∑

i=1

Gi,2∂xiW2 = S2(W2) ,

on R+ × Ω2 ,
(4.1)

whereFi,α,
∑n

i=1 Gi,α∂xiWα andSα are respectively the conservative flux, the non-conservative term and the
source term onΩα.

The main problem is to single out the information to be transmitted through the interface, for every timet in
the form of a mathematical condition, in order to obtain a coherent description of the flow without modifying the
two models and without having to solve one (or both) of the models on the whole domainΩ.

Many techniques can be proposed, we cast them in two main strategies. The first one, calledflux couplingin
the following, consists in identifying a global model for the flow. This global model dictates the transmission law
at the interface, while the models used on each side of it mustbe recovered by a limiting procedure.

The other way to couple two models communicating through an interface, is to consider them as two sepa-
rate initial boundary value problems and to givereasonableconditions on the interface for each one of them to
reestablish the connection for the global problem.
With this point of view, the coupling can be insured by choosing to impose a continuity condition of the state-
variables of the fluid at the crossing of the interface. For this reason, we call this methodintermediate state
coupling.
A theoretical analysis of this coupling technique can be found in (6) and (7).

In general, the choice of the strategy to follow must depend on the particular coupling problem it applies to.
We propose to characterize each technique by its consequences on the properties of the solutions of the

coupled model. In particular, we will focus in the followingon the conservation of physical quantities (and of
energy in particular) and on the capacity of reproducing steady state solutions.

With this aim, we will analyze a particular problem and describe three numerical algorithms to solve it. Two
of them are to be considered as flux coupling techniques, while the third is a state coupling one.
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4.4 Coupling of two systems of gas dynamics with different equations of
state

We consider the one dimensional motion of a fluid described bythe following Euler system:






∂tρ + ∂x(ρu) = 0,
∂t(ρu) + ∂x(ρu2 + p) = 0,
∂t(ρE) + ∂x(ρE + p)u = 0.

(4.2)

The first equation expresses the conservation of the mass of the fluid. The second and the third govern, respec-
tively, the conservation of momentumρu and total energyρE. The pressurep is linked to the vector of the
unknownsu = (ρ, ρu, ρE) of the system by a generic analytical equation of state

p = p(ρ, ε), ρε = ρE − 1

2
ρu2. (4.3)

The domainΩ = R is divided in two subdomainsR−,∗ andR
+,∗ separated by the interfacex = 0.

The model for the flow on each side of the interface is the same,but we consider the case in which a small
discrepancy in the description of the thermodynamic properties of the fluid is present. This is translated by taking
two slightly different equations of state on the left and on the right ofx = 0. Therefore, we notep1 = p1(ρ, ε)
the thermodynamic law which applies on the left domain andp2 = p2(ρ, ε) the thermodynamic law on the right
domain.

The coupling problem reads

Ω1 = R
−,∗







∂tρ + ∂x(ρu) = 0,
∂t(ρu) + ∂x(ρu2 + p1) = 0,
∂t(ρE) + ∂x(ρE + p1)u = 0.

p1 = p1(ρ, ε),

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

Ω2 = R
+,∗







∂tρ + ∂x(ρu) = 0,
∂t(ρu) + ∂x(ρu2 + p2) = 0,
∂t(ρE) + ∂x(ρE + p2)u = 0.

p2 = p2(ρ, ε),

(4.4)

With clear notation, we write it also in condensed form:

∂tu + ∂xf1(u) = 0, onΩ1 | ∂tu + ∂xf2(u) = 0, onΩ2

Let ∆t and∆x be the time and space steps. The grid points(xj)j∈Z are defined byxj = j∆x. For allj ∈ Z and
all n ∈ N, we set

xj+1/2 = xj +
∆x

2
, tn = n∆t,

and we consider the following computational gridRx × R
+
t :

Rx × R
+
t =

⋃

j∈Z

⋃

n≥0

Cn
j+1/2, Cn

j+1/2 = [xj , xj+1[×[tn, tn+1[.

The numerical solutionsu∆t,∆x(x, t) of the problem corresponding to the initial conditionu0 are given by
piecewise constant functions on eachCn

j+1/2 :

u∆t,∆x(x, t) = un
j+1/2 for (x, t) ∈ Cn

j+1/2.

At t = 0, we set

u0
j+1/2 =

1

∆x

∫ xj+1

xj

u0(x)dx, j ∈ Z.

Therefore, the grid pointsxj correspond to the interface of the grid cells. The centers ofthe cells are identified
by the subscripts(j + 1/2). We remark that the coupling interface is inx0 and the pointxi belongs to the left
domain (respectively to the right domain) ifi < 0 (respectivelyi > 0).
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4.4.1 Incompatibility between uniform pressure profiles and energy conservation

Before we propose some numerical schemes for the computation of the solutions of the coupling problem (4.4),
we want to make an important remark on the continuous level.
Problem (4.4) is the model of the flow of a fluid which presents adiscrepancy in its thermodynamic description
when it passes through an interface. This unphysical situation has some consequences on the properties of the
solutions of Problem (4.4). In particular, we show that, if we want uniform pressure profiles to be steady state
solutions for (4.4), we need to accept a non-conservative model for the interface.
We consider a generic uniform profile as initial condition for the coupling problem (4.4),i.e., for all x ∈ R:







ρ(x) = ρ0 ,
u(x) = u0 ,
p(x) = p0 ,

(4.5)

whereu0 6= 0. This profile is a steady solution of the two problems on each side of the interface taken separately.
We expect it to be a steady state for the flow in the global modeland therefore a solution for Problem (4.4) for all
time t.
We analyze the behavior of the total energyρE for this stationary solution. First we remark that, since the
equations of statep1(ρ, ε) andp2(ρ, ε) are different on each side of the interface, the corresponding internal
energiesε1 andε2 are different, in general.
We write the energy balance on the volumeV = [−1/2, 1/2]× [0, T ] with T > 0:

EnergyBalance = A(T ) − A(0) + B(1/2) − B(−1/2) , (4.6)

with

A(t) =

∫ 1/2

−1/2

ρE(x, t)dx and B(x) =

∫ T

0

(ρEu + pu)(x, t)dt.

This balance should be identically zero if total energy wereconserved.
When we evaluate this balance in the case of the generic solution (4.5), we obtain

EnergyBalance = ρ0u0(ε2 − ε1)T 6= 0. (4.7)

Therefore the total energyρE is not conserved, whileρ andρu are trivially conserved. Moreover, from Equa-
tion (4.7) it is clear that the conservation error is a directconsequence of the change of equation of state and it
vanishes only if the two EOS are the same or if the flow does not cross the interface (i.e. if u0 = 0).
This back of the envelope computation shows that, when the equation of state has jumps, it is impossible to cap-
ture uniform pressure and velocity profiles if we impose the strict conservation of energy.
The same conclusion holds for material fronts, i.e. for discontinuous density profiles propagating at uniform
velocity and uniform pressure. We will see the consequencesof this remark in the following sections when we
compute the solutions of Problem (4.4) following differentstrategies.

4.4.2 Flux coupling

We study now a flux coupling strategy. As global model for the coupling problem (4.4) we propose the following
relaxation system















∂tρ + ∂x(ρu) = 0,
∂t(ρu) + ∂x(ρu2 + p) = 0,
∂t(ρE) + ∂x(ρE + p)u = 0,
∂t(ρY ) + ∂x(ρY u) = λρ(Y0 − Y ),

(4.8)

whereY is a ’color’ variable, the pressurep is given by the relation

p = (1 − Y )p1 + Y p2

and

Y0 =

{

0 if x < 0,
1 if x > 0.
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We remark that, in the limitλ → ∞, usually called ’equilibrium’, this system formally converges toward (4.4)
onΩ1 and onΩ2.
With clear notations, we rewrite the system (4.8) in the following short form

∂tv + ∂xF(v) = λR(v). (4.9)

Remark: We want to notice that different choices for the global modelcould have been made, for instance,
we could have considered the following system















∂tρ + ∂x(ρu) = 0,
∂t(ρu) + ∂x(ρu2 + p) = 0,
∂t(ρE) + ∂x(ρE + p)u = 0,
∂tY = 0,

with the same definition ofp as above. Even if this choice looks simpler, on the mathematical and numerical point
of view, this system is much more complicated than the one we considered since it hides a possible resonance
phenomenon. This approach has nonetheless been consideredin the context of the coupling of porous and open
media in (10).

Description of the algorithm

We describe briefly the algorithm associated with the Relaxation model (4.8). We define a piecewise constant
functionv∆t,∆x by

v∆t,∆x(x, t) = vn
j+1/2 =

(

un
j+1/2

(ρY )n
j+1/2

)

for (x, t) ∈ Cn
j+1/2.

This function is supposed to be at equilibrium,i.e.

(ρY )n
j+1/2 =

{

0 if j < 0,
ρn

j+1/2 if j ≥ 0.

Starting from a known approximated solutionu∆t,∆x(x, tn) at a timetn ≥ 0, we propose to compute the solution
at timetn+1 in two steps.

First step: evolution (tn → tn+1−)
For this step, we takeλ = 0 and we let the solution evolve following the system

∂tv + ∂xF(v) = 0.

To solve numerically this system, the classical Riemann solvers can be used (Roe, relaxation method, ...). For the
numerical tests we present in the next section, we used a Lagrange+Projection method (see (5)) that we applied
in two different ways. They will be detailed in the followingtwo sections.
For a(2k + 1)-points conservative scheme, we have

vn+1−
j+1/2 = vn

j+1/2 −
∆t

∆x
(G(vn

j−k+3/2 , ...,v
n
j+k+1/2) − G(vn

j−k+1/2, ...,v
n
j+k−1/2)), (4.10)

where the numerical flux functionG depends on the chosen method and the ratio∆t/∆x verify the standard
C.F.L. stability condition.
Clearly,un+1−

j+1/2 is defined by the relation

vn+1−
j+1/2 =

(

un+1−
j+1/2

(ρY )n+1−
j+1/2

)

.

Second step : relaxation(tn+1− → tn+1)
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This second step consists in a projection of the functionv∆t,∆x(x, tn+1−), obtained from the previous step, on
the equilibrium positionλ = +∞. More precisely, we set, for allj ∈ Z :

vn+1
j+1/2 =

(

un+1
j+1/2

(ρY )n+1
j+1/2

)

with un+1
j+1/2 = un+1−

j+1/2

and (ρY )n+1
j+1/2 =

{

0 if j < 0,
ρn+1

j+1/2 if j ≥ 0.

(4.11)

This is equivalent to solving the following ODE system withλ = +∞:














∂tρ = 0,
∂t(ρu) = 0,
∂t(ρE) = 0
∂t(ρY ) = λρ(Y0 − Y ).

(4.12)

Therefore, the global algorithm can be interpreted as a splitting technique applied to (4.8): first we solve its con-
vective part, and in a second time its source term in theλ → ∞ regime.

Remark: It is clear that the approximated solutionu∆t,∆x evolves in a conservative way when the scheme
used to perform the first step is conservative.

Totally conservative Lagrange+Projection scheme

We focus now on the first step of the algorithm of flux coupling described above. First, we describe a totally
conservative Lagrange+Projection strategy for the resolution of the following system:















∂tρ + ∂x(ρu) = 0,
∂t(ρu) + ∂x(ρu2 + p) = 0,
∂t(ρE) + ∂x(ρE + p)u = 0,
∂t(ρY ) + ∂x(ρY u) = 0,

(4.13)

with p = (1 − Y )p1 + Y p2.
We consider a piecewise constant numerical approximationvn of the exact solutionv at timetn of System (4.13):

v(x, tn) ≈ vn(x) = vn
j+1/2 for x ∈ [xj , xj+1[.

The approximated solution at timetn+1 is computed in two steps.

Lagrange step
We write system (4.13) in Lagrangian coordinates. We denoteby ξ the Lagrangian coordinates associated with
the velocity fieldu andτ = 1/ρ the specific volume. System (4.13) reads















ρ0∂tτ − ∂ξu = 0,
ρ0∂tu + ∂ξp = 0,
ρ0∂tE + ∂ξpu = 0,
∂tY = 0,

(4.14)

whereρ0 = ρ(ξ, 0). We solve (4.14) by an acoustic scheme:










































τn+1−
j+1/2 = τn

j+1/2 +
∆t

ρn
j+1/2∆x

(un
j+1 − un

j ),

un+1−
j+1/2 = un

j+1/2 −
∆t

ρn
j+1/2∆x

(pn
j+1 − pn

j ),

En+1−
j+1/2 = En

j+1/2 −
∆t

ρn
j+1/2∆x

((pu)n
j+1 − (pu)n

j ),

Y n+1−
j+1/2 = Y n

j+1/2,
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with










un
j =

1

2
(un

j−1/2 + un
j+1/2) +

1

2(ρc)n
j

(pn
j−1/2 − pn

j+1/2),

pn
j =

1

2
(pn

j−1/2 + pn
j+1/2) +

(ρc)n
j

2
(un

j−1/2 − un
j+1/2),

where(ρc)n
j is a local approximation of the Lagrangian sound speed:

(ρc)n
j = max((ρc)n

j−1/2, (ρc)n
j+1/2).

The pressurespn
j+1/2 are computed by means of the relation:

pn
j+1/2 = (1 − Y n

j+1/2)p1(ρ
n
j+1/2, ε

n
j+1/2) + Y n

j+1/2p2(ρ
n
j+1/2, ε

n
j+1/2),

where

εn
j+1/2 = ρn

j+1/2E
n
j+1/2 −

1

2
ρn

j+1/2(u
n
j+1/2)

2 .

The grid pointsxj move at the fluid velocity, which is approximated byun
j . The quantitiesρn+1−

j+1/2 = 1/τn+1−
j+1/2 ,

(ρu)n+1−
j+1/2 = ρn+1−

j+1/2 × un+1−
j+1/2, (ρE)n+1−

j+1/2 = ρn+1−
j+1/2 × En+1−

j+1/2 and(ρY )n+1−
j+1/2 = ρn+1−

j+1/2 × Y n+1−
j+1/2 are approxi-

mations of the exact solution on a ’Lagrange-grid’x∗
j defined byx∗

j = xj + un
j ∆t.

Projection step
The functions obtained in the previous step are constant on the Lagrangian cells. We project them on the Eulerian
grid xj . We set

ϕn+1
j+1/2 =

1

∆x

∫ xj+1

xj

ϕn+1−(x)dx with ϕ = ρ, ρu, ρE, ρY,

which gives

ϕn+1
j+1/2 =

1

∆x
{∆x∗

j+1/2ϕ
n+1−
j+1/2 − ∆t(un

j+1ϕ
n+1−
j+1+αj+1,n

− un
j ϕn+1−

j+αj,n
)}

with

∆x∗
j+1/2 = x∗

j+1 − x∗
j , and αj,n =

{

−1/2 if un
j > 0,

1/2 if un
j < 0.

Finally, we get forvn
j+1/2:



























































ρn+1
j+1/2 = ρn

j+1/2 −
∆t

∆x
(un

j+1ρ
n+1−
j+1+αj+1,n

− un
j ρn+1−

j+αj,n
),

(ρu)n+1
j+1/2 = (ρu)n

j+1/2 −
∆t

∆x
(un

j+1(ρu)n+1−
j+1+αj+1,n

+ pn
j+1 − un

j (ρu)n+1−
j+αj,n

− pn
j ),

(ρE)n+1
j+1/2 = (ρE)n

j+1/2 −
∆t

∆x
(un

j+1(ρE)n+1−
j+1+αj+1,n

+ (pu)n
j+1 − un

j (ρE)n+1−
j+αj,n

− (pu)n
j ),

(ρY )n+1
j+1/2 = (ρY )n

j+1/2 −
∆t

∆x
(un

j+1(ρY )n+1−
j+1+αj+1,n

− un
j (ρY )n+1−

j+αj,n
).

(4.15)

Again, the ratio∆t/∆x verify a C.F.L. stability condition based on the Eulerian system. We remark that this
scheme is completely conservative(i.e. conservative for all the variables). The associated numerical flux will be
notedgLPc. In the following we will use the condensed form for (4.15):

vn+1
j+1/2 = vn

j+1/2 − ∆t
∆x(gLPc(vn

j−1/2,v
n
j+1/2,v

n
j+3/2,v

n
j+5/2) − gLPc(vn

j−3/2,v
n
j−1/2,v

n
j+1/2,v

n
j+3/2)).

(4.16)
The general flux coupling algorithm which is obtained is alsoconservative, but we will see in Section 4.5 that
it presents some problems for the simulation of steady states, as it has to be expected from our discussion in
Section 4.4.1.
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Lagrange+Projection scheme with mean pressure projection

A detailed analysis of the algorithm proposed in the preceding section shows that the problems it presents for
the computation of steady states can be charged on the projection step for the variableρE. We propose here to
modify this step in a way to obtain a pseudo-conservative scheme which can capture uniform profiles inp.
The Lagrangian step is unmodified. We focus only on the projection step.
For the variablesρ, ρu andρY , no modification is required:

ϕn+1
j+1/2 =

1

∆x

∫ xj+1

xj

ϕn+1−(x)dx with ϕ = ρ, ρu, ρY.

We propose to modify the computation ofρE on the cells that touch the coupling interface. First, we define the
pressure by its mean value on each cell[xj , xj+1[ :

pn+1
j+1/2 =

1

∆x
{∆x∗

j+1/2p
n+1−
j+1/2 − ∆t(un

j+1p
n+1−
j+1+αj+1,n

− un
j pn+1−

j+αj,n
)}, j ∈ {−1, 0}.

Then, forj ∈ {−1, 0}, we define the total energy(ρE)n+1
j+1/2 by

(ρE)n+1
j+1/2 =

1

2

{(ρu)n+1
j+1/2}2

ρn+1
j+1/2

+ ρn+1
j+1/2ε(ρ

n+1
j+1/2, p

n+1
j+1/2) , (4.17)

whereε(ρ, p) refers to the left EOS forj = −1 and to the right EOS forj = 0.
With this new definition, the flux-coupling scheme preservesuniform pressure profiles. On the other hand, if it is
still conservative for the density and the momentum, it cannot guarantee the conservation of energy as we stated
in Section 4.4.1.

4.4.3 Intermediate State Coupling: Two Flux Scheme

We describe here the two flux scheme for the coupling problem (4.4). We generalize to this context the procedure
proposed in (1). We choose two numerical flux functionsg1 andg2 respectively consistent with the flux functions
f1 andf2. We consider the following 3-points conservative schemes to solve numerically the systems on each
side of the interface:

un+1
j−1/2 = un

j−1/2 − ∆t
∆x(g1,j − g1,j−1) j ≤ 0,

un+1
j+1/2 = un

j+1/2 − ∆t
∆x(g2,j+1 − g2,j), j ≥ 0.

(4.18)

with for all j 6= 0 :
g1,j = g1(un

j−1/2,u
n
j+1/2), g2,j = g2(un

j−1/2,u
n
j+1/2). (4.19)

The coupling of the systems at the numerical level is done by the computation of the quantitiesg1,0 andg2,0.
We need now to precise the information to be transmitted at the interface. We propose to identify the states at the
interface by the state variables(ρ, u, p), which gives

g1,0 = g1(un
−1/2,u

n
1/2), g2,0 = g2(un

−1/2,u
n
1/2). (4.20)

with

un
1/2 = (ρn

1/2, (ρu)n
1/2, (ρE)n

1/2), and (ρE)n
1/2 = 1

2

(ρu)n
1/2

2

ρn
1/2

+ ρn
1/2ε1(ρ

n
1/2, p

n
1/2),

un
−1/2 = (ρn

−1/2, (ρu)n
−1/2, (ρE)n

−1/2), and (ρE)n
−1/2 = 1

2

(ρu)n
−1/2

2

ρn
−1/2

+ ρn
1/2ε2(ρ

n
1/2, p

n
1/2).

We remark that
(ρE)n

1/2 6= (ρE)n
1/2 and (ρE)n

−1/2 6= (ρE)n
−1/2.

We also have, in general, thatg1(un
−1/2,u

n
1/2) 6= g2(un

−1/2,u
n
1/2). Therefore, the scheme is not conservative in

ρ, ρu andρE.
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Figure 4.1: Steady state: Pressure profile att = 10−4

4.5 Numerical tests

We present here some numerical tests to better compare the three schemes we proposed in the previous sections.
The coupling problem we implemented is Problem (4.4) where,for the sake of simplicity, we considered as Equa-
tions of State, two perfect gas laws with differentγ coefficients. We noteγ1 the constant which applies on the
left domain andp1 = (γ1 − 1)ρε the corresponding pressure. Whileγ2 andp2 = (γ2 − 1)ρε are the constant and
pressure on the right domain.
For all the simulations we show here, we choseγ1 = 1.4 andγ2 = 1.6. This large gap between the values of the
two constants implies a big difference in the thermodynamicproperties of the fluid on the left and on the right
domain and was chosen to better spot the difficulties linked with the coupling procedure.

The first test we performed consists in taking the following uniform profile as initial condition:






ρ(x) = 1.0 ,
u(x) = 1.0 ,
p(x) = 1.0 .

We expect this profile to be a steady state for the problem. Thepressure and density profiles att = 10−4 are
shown in Fig. 4.1 and Fig. 4.2. Clearly, the Lagrange+projection conservative scheme is unable to capture this
solution and generates oscillations in the pressure profiletherefore perturbing the whole solution.
On the other hand, if we look at the relative conservation error for the total energy (Fig. 4.3) versus time, the
Lagrange+projection conservative scheme is the only one that conserves the total energy.
The Lagrange with mean pressure projection and the Two Fluxes schemes do not conserve the total energy, but
the amplitude of this phenomenon is dependent on the discrepancy between the equations of state we considered.
In Fig. 4.4, we show how the relative conservation error diminishes when considering smaller and smaller gaps
in the equations of state (i.e. in the adiabatic coefficientsγ).
This results well illustrate the discussion of Section 4.4.1.

In Section 4.4.1, we stated that a bad behavior in reproducing uniform pressure profiles is symptomatic of
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Figure 4.2: Steady state: density profile att = 10−4
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Figure 4.3: Steady state: relative conservation error for the energy versus time
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Figure 4.4: Steady state: relative conservation error for the energy versus time for the Lagrange with mean P
projection and the Two Fluxes schemes for different jumps ofthe adiabatic constant

problems in computing material fronts propagation. We illustrate this assertion in Fig. 4.5 and Fig. 4.6 where we
took the following initial condition















ρ(x) =

{

1.0 for x < 0 ,
2.0 for x > 0 ,

u(x) = 1.0 ,
p(x) = 1.0 .

Again the Lagrange+projection conservative scheme cannotcompute the solution correctly.

We also considered an example in which a rarefaction wave hits the interface corresponding to the disconti-
nuity in the thermodynamic laws. As initial condition we consider a simple rarefaction wave which is entirely on
the left domain and moves toward the right. If no discontinuity in γ were present, we would expect that the wave
passes unaltered through the domain. The presence of the discontinuity inγ (i.e. the fact that this is a coupling
problem) affects the transmission of the rarefaction wave and generates a reflected wave.
In Fig. 4.7, we plot the pressure profile att = 10−4, when the rarefaction wave has already entered the right
domain. The density profile att = 10−4 is plotted in Fig. 4.8.
In Fig. 4.9, Fig. 4.10 and Fig. 4.11 we represent respectively the relative errors in the conservation of mass,
momentum and energy. With no surprise, the Lagrange+projection conservative scheme is exactly conservative
on all the three quantities, while the Two Fluxes scheme is conservative on neither of them. The Lagrange with
mean pressure projection scheme is exactly conservative inρ andρu, but it can not conserve energy.

4.6 Conclusions

When computing a solution of a coupled problem, we are intervening on three stages. The first is on the level of
the physical modelling, when we define which is the information to be transmitted at the interface. The second is



4.6. CONCLUSIONS 39

−0.5 −0.3 −0.1 0.1 0.3 0.5
0.5

1

1.5

2

2.5

Lagrange and projection − conservative
Lagrange with mean P projection
Two Fluxes

Figure 4.5: Material front: density profile att = 10−4
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Figure 4.6: Material front: pressure profile att = 10−4
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Figure 4.7: Rarefaction wave hitting the interface atx = 0: Pressure profile att = 10−4
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Figure 4.8: Rarefaction wave hitting the interface atx = 0: density profile att = 10−4
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Figure 4.9: Rarefaction wave hitting the interface atx = 0: relative conservation error for the density versus time
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Figure 4.10: Rarefaction wave hitting the interface atx = 0: relative conservation error for the flow rate versus
time
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Figure 4.11: Rarefaction wave hitting the interface atx = 0: relative conservation error for the energy versus
time

linked with the analysis of the chosen coupled model, which can admit multiple solutions. Finally, problems can
arise in the numerical approximation of the model.

In the problem we studied in this paper, we show how differentmodelling choices lead to different solutions.
Clearly the problem is not on the numerical level, but it is really linked with the criteria that one wants to impose
to the global model,i.e. preservation of uniform pressure profilesversus strict conservation of energy, in this
example.

The general coupling of two-phase flow models is under study.The application presented here must be seen
as a first step in the complex problem of coupling of multiphase models. Results about the coupling of HEM
and HRM systems have also been obtained. One of our goals is the coupling between a THYC model with a
CATHARE one.
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[4] Boudier, P., & Laviéville, J. 2004. Pressurized Thermal Shock Calculations:Test of Coupling System and
Local 3D Scales.CATHARE-NEPTUNE International Seminar, May 10-12, Grenoble, France (unpublished).

[5] Godlewski, E., & Raviart, P.-A. 1996.Numerical Approximation of Hyperbolic Systems of Conservation
Laws. New York: Springer-Verlag.

[6] Godlewski, E., & Raviart, P.-A. 2004. The numerical interface coupling of nonlinear hyperbolic systems of
conservation laws: I the scalar case.Numerische Mathematik, 97, 81–130.

[7] Godlewski, E., Le Thanh, K.-C., & Raviart, P.-A. 2005. The numerical interface coupling of nonlinear
hyperbolic systems of conservation laws: II the case of systems.to appear in Math. Mod. and Num. Anal.

[8] Greenberg, J.M., & LeRoux, A.Y. 1996. A well-balanced scheme for the numerical processing of source
terms in hyperbolic equations.SIAM J. Numer. Anal., 33, 1–16.

[9] Guelfi, A. et al. 2005. A New multi scale platform for advanced nuclear thermal hydraulics. Status and
prospects of the NEPTUNE project.to appear in the proceedings of NURETH11.

[10] Hérard, J.M. 2004. Naive schemes to couple isentropicflows between free and porous medium.EDF
internal report HI-81/04/08/A.

[11] Hérard, J.M., & Hurisse, O. 2004a. Coupling one and two-dimensional models through a thin interface.
EDF internal report HI-81/05/01/A.

[12] Hérard, J.M., & Hurisse, O. 2004b. A few schemes to compute unsteady hyperbolic systems with source
terms.EDF internal report HI-81/04/07/A.

[13] Hurisse, O. PhD Thesis.In preparation.

43


