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1. Introduction.

We consider a formulation of Nagdhi’s shell model in Cartesian coordinates which is
appropriate for linearly elastic shells that present curvature discontinuities. The aim of
this paper is to propose a spectral discretization of the mixed formulation of this problem
and to perform its numerical analysis.

The formulation of Naghdi’s model which is used here was introduced by Blouza [7]
and Blouza and Le Dret [11]. This formulation relies on the idea of using a local basis-
free formulation in which the unknowns are described in Cartesian coordinates instead of
covariant or contravariant components as is usually done in shell theory, see for example
[2]. Such a formulation is able to handle shells with a W 2,∞-midsurface, thus allowing for
curvature discontinuities, as opposed to C 3 in the classical formalism (see [14, Chap. 7] and
the references therein), and leads to much simpler expressions. Even though it is proved
in [11] to be well-posed and to be the natural limit of the classical formulation when a
sequence of regular midsurfaces converges to a W 2,∞-midsurface, the new formulation has
not been used in a numerical spectral setting to the best of our knowledge. For simplicity,
we only consider the case of a shell with a W 2,∞-midsurface.

The literature on finite element approximation of two-dimensional shell models is
large. Let us mention a few approaches. Concerning conforming methods, the Ganev and
Argyris triangles provide interpolation by polynomials of degree 4 and 5, with high order
convergence in c h4 when the solution is smooth enough. These elements are used for ex-
ample to study the linear Koiter model for C 3-shells in the classical covariant formulation,
see [1, Part II, Chap. 1]. This method is applied to approximate geometrically exact shell
models in [12]. The Argyris elements are also used in [17] for numerical analysis of Koiter’s
model with little regularity in the Cartesian formulation proposed in [10]. We also men-
tion the 3-dimensional shell element approach, see [13]. Still in the context of shells with
little regularity, i.e. when the midsurface is of W 2,∞-regularity, a non conforming DKT
(discrete Kirchhoff triangle) element is used in [20] to approximate a Koiter model similar
to one introduced in [10]. Other works [18][19] concern the finite element discretization
of shell problems with domain decomposition. The main difficulty of all these discretiza-
tions is that, in most situations, a locking phenomenon appears when the choice of the
discretization parameter is not compatible with the thickness of the shell.

In this paper, we propose a spectral discretization of Naghdi’s model. It relies on a
mixed variational formulation of the corresponding equation proposed by Blouza, Hecht
and Le Dret [9]: A Lagrange multiplier is introduced to enforce the tangency requirement
on one of the unknowns. A further penalization term is also added in order to stabilize the
system. We first describe the discrete problem which is constructed from the variational
formulation of the model by the Galerkin method with numerical integration (see [4, §15]
or [6, Chap. V] for a detailed presentation of this procedure). Under some further but
likely regularity assumptions on the midsurface of the shell, we prove that it is well-posed.
Finally, relying on standard polynomial approximation and interpolation results, we prove
error estimates which are fully optimal.

The extension of this study to the case of a piecewise regular shell discretized by the
spectral element method is under consideration. Numerical experiments should confirm
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the interest of this discretization.

An outline of the paper is as follows.
• In Section 2, we recall the geometry of the midsurface and Nagdhi’s shell formulation. We
introduce a mixed version of Nagdhi’s model intended to approximate the above mentioned
tangency. We prove the existence and uniqueness of the solution of the mixed model
and establish its convergence to the solution of the original Nagdhi problem when the
penalization parameter tends to 0.
• Section 3 is devoted to the description of the spectral discrete problem. We also prove
its well-posedness.
• Error estimates are derived in Section 4.
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2. Presentation of the model.

Greek indices and exponents take their values in the set {1, 2} and Latin indices and
exponents take their values in the set {1, 2, 3}. Unless otherwise specified, the summation
convention for repeated indices and exponents according to this set of values is assumed.
Let {e1, e2, e3} be the canonical orthonormal basis of the Euclidean space R3. We denote
by u · v the inner product of R3, |u| =

√
u · u the associated Euclidean norm and u ∧ v

the vector product of u and v.

Let ω be a bounded connected domain of R2 with a Lipschitz–continuous boundary
∂ω. We consider a shell whose midsurface is given by S = ϕ(ω̄) where ϕ is a one-to-one
mapping in W 2,∞(ω)3 such that the two vectors

aα(x) = (∂αϕ)(x)

are linearly independent at each point x of ω̄. Thus,

a3(x) =
a1(x) ∧ a2(x)
|a1(x) ∧ a2(x)|

is the unit normal vector on the midsurface at point ϕ(x). The vectors ai(x) define
the local covariant basis at point ϕ(x). The contravariant basis ai(x) is defined by the
relations ai ·aj = δj

i where δj
i is the Kronecker symbol. In particular a3(x) coincides with

a3(x). Note that all these vectors belong to W 1,∞(ω)3. We set a(x) = |a1(x) ∧ a2(x)|2
so that

√
a(x) is the area element of the midsurface in the chart ϕ.

The first and second fundamental forms of the surface are given in covariant compo-
nents by

aαβ = aα · aβ and bαβ = a3 · ∂βaα.

Let u be a midsurface displacement in H1(ω)3 and r be a rotation vector in H1(ω)3 such
that r is tangential to the midsurface. These functions are given in covariant and Cartesian
components by

u(x) = ui(x)ai(x) = uc
i (x)ei, with ui = u · ai and uc

i = u · ei,

and

r(x) = rα(x)aα(x) = rc
i (x)ei with rα = r · aα and rc

i = r · ei,

Note that the tangency requirement is easily expressed in covariant coordinates, as it
simply reads r3 = 0, whereas it becomes

rc
i (x)ac

3,i(x) = 0 in ω, (2.1)

in Cartesian coordinates.

Let aαβρσ denote the coefficients of the elasticity tensor. In the case of homogeneous,
isotropic material with Young modulus E > 0 and Poisson coefficient ν, 0 ≤ ν < 1

2 , these
coefficients are given by

aαβρσ =
E

2(1 + ν)
(aαρaβσ + aασaβρ) +

Eν

1− ν2
aαβaρσ, (2.2)
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where aαβ = aα · aβ are the contravariant components of the first fundamental form. We
note that each coefficient of this tensor belongs to L∞(ω). Moreover, it satisfies the usual
symmetry properties

aαβρσ(x) = aρσαβ(x) = aβαρσ(x), for a.e. x ∈ ω, (2.3)

and is uniformly strictly positive: There exists a positive constant c0 such that, for all
symmetric tensors τ = (ταβ) in R2×2,

aαβρσ(x)ταβτρσ ≥ c0 |τ |2 for a.e. x ∈ ω. (2.4)

In this context, the covariant components of the change of metric tensor read

γαβ(u) =
1
2
(∂αu · aβ + ∂βu · aα), (2.5)

the covariant components of the change of transverse shear tensor read

δα3(u, r) =
1
2
(∂αu · a3 + r · aα), (2.6)

and the covariant components of the change of curvature tensor read

χαβ(u, r) =
1
2
(∂αu · ∂βa3 + ∂βu · ∂αa3 + ∂αr · aβ + ∂βr · aα), (2.7)

see [7] and [11]. Note that all these quantities make sense for shells with little regularity,
and are easily expressed with the Cartesian coordinates of the unknowns and geometrical
data. For instance, we have

∂αu · aβ = (∂αu
c
i ) a

c
β,i,

and so on.

We assume that the boundary ∂ω of the chart domain is divided into two parts: γ0

which has a strictly positive 1-dimensional measure and on which the shell is clamped and
the complementary part γ1 = ∂ω \ γ0 on which the shell is subjected to applied tractions
and moments. We also assume that ∂γ0 = ∂γ1 is a Lipschitz–continuous submanifold of
∂ω.

To take into account the boundary conditions, we define the space

H1
γ0

(ω) =
{
µ ∈ H1(ω); µ = 0 on γ0

}
. (2.8)

We also denote by H
1
2
00(γ1) the space of functions in H

1
2 (γ1) such that their extension by

zero to ∂ω belongs to H
1
2 (∂ω), see [21, Chap. 1, §11]. Let us now consider the function

space, introduced in [7] and [11], which is appropriate in the context of shells with little
regularity

V(ω) =
{
(v, s) ∈ H1

γ0
(ω)3 ×H1

γ0
(ω)3; s · a3 = 0 in ω

}
. (2.9)
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This space is endowed with the natural Hilbert norm

‖(v, s)‖V(ω) =
(
‖v‖2

H1(ω)3 + ‖s‖2
H1(ω)3

)1/2
. (2.10)

We now recall the variational formulation of the problem corresponding to the linear
Nagdhi model for shells with little regularity. It reads

Find (u, r) in V(ω) such that

∀(v, s) ∈ V(ω), a
(
(u, r); (v, s)

)
= L((v, s)), (2.11)

where the bilinear form a(·; ·) is defined by

a
(
(u, r); (v, s)

)
=

∫
ω

{
eaαβρσ

[
γαβ(u)γρσ(v) +

e2

12
χαβ(u, r)χρσ(v, s)

]
+ 2e

E

1 + ν
aαβδα3(u, r)δβ3(v, s)

}√
a dx,

(2.12)

and the linear form L(·) is given by

L((v, s)) =
∫

ω

f · v
√
a dx+

∫
γ1

(N · v +M · s) dτ. (2.13)

The three terms in a(·, ·) represent the membrane, bending and shear deformations, re-
spectively. The data f , M and N represent a given resultant force density, an applied
traction density and an applied moment density, respectively. Finally the thickness of the
shell which is assumed to be constant is denoted by e, 0 < e < 1.

We refer to [7] and [11] for the proof of the well-posedness of this problem which is
stated in the next theorem. Since a3 belongs to W 1,∞(ω)3, the form a(·; ·) is obviously
continuous on V(ω)×V(ω), with norm smaller than c e. Similarly, the form L is continuous
on V(ω) and its norm satisfies, with obvious notation,

‖L‖ ≤ c
(
‖f‖H1

γ0
(ω)3′ + ‖N‖

H
1
2
00(γ1)3′

+ ‖M‖
H

1
2
00(γ1)3′

)
. (2.14)

So the well-posedness mainly relies on the following ellipticity property. In view of their
discrete analogues, we recall from [11] the main arguments for its proof:
• It follows from the properties of the coefficients aαβρσ and aαβ that

∀(v, s) ∈ X(ω), a
(
(v, s); (v, s)

)
≥ c e3 [(v, s)]2, (2.15)

where the quantity [·] is defined by

[(v, s)] =
( 2∑

α=1

2∑
β=1

‖γαβ(v)‖2
L2(ω)2×2 +

2∑
α=1

2∑
β=1

‖χαβ(v, s)‖2
L2(ω)2×2

+
2∑

α=1

‖δα3(v, s)‖2
L2(ω)2

) 1
2
.

(2.16)
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• If a pair (v, s) belongs to H1(ω)3 × H1(ω)3 and satisfies s · a3 = 0, the condition
[(v, s)] = 0 implies that there exist two constants ψ and µ in R3 such that, for a.e. x in
ω,

v(x) = ψ ∧ϕ(x) +µ, s(x) =
1√
a∗(x)

(
(ψ ·a2)(x)a1(x)− (ψ ·a1)(x)a2(x)

)
, (2.17)

where a∗(x) stands for the quantity |a1(x) ∧ a2(x)|2. Then, it follows from the nullity
conditions on γ0 that any pair (v, s) in V(ω) such that [(v, s)] = 0 is zero.
• Thanks to the regularity assumptions on the ak, the norm [·] on V(ω) is clearly smaller
than c ‖ · ‖V(ω). The equivalence between these two norms follows by contradiction, see
[11, Lemma 3.6]: There exists a constant c1 > 0 such that

∀(v, s) ∈ V(ω), [(v, s)] ≥ c1 ‖(v, s)‖V(ω). (2.18)

Proposition 2.1. There exists a constant c∗ > 0 such that

∀(v, s) ∈ V(ω), a
(
(v, s); (v, s)

)
≥ c∗ e

3 ‖(v, s)‖2
V(ω). (2.19)

Theorem 2.2. For any data (f ,N ,M) in H1
γ0

(ω)3′ × H
1
2
00(γ1)3′ × H

1
2
00(γ1)3′, problem

(2.11) admits a unique solution (u, r) in V(ω). Moreover this solution satisfies

‖(u, r)‖V(ω) ≤ c e−3 ‖L‖. (2.20)

Remark. It follows from the asymptotic analysis performed in [23] (see also [8]) that
the norm ‖L‖, more precisely the right-hand side of (2.14), behaves like c e in the case of
membrane dominated shells and like c e3 in the case of bending dominated shells. So the
right-hand side of estimate (2.20) does not necessarily tend to +∞ when e tends to zero.

However, since the purpose of the present work is to approximate the solution of
problem (2.11) with a spectral method and to proceed in the simplest possible way, we
immediately encounter a problem: The tangency constraint s · a3 = 0 which appears
in the definition of V(ω) clearly cannot be implemented in a standard way for a general
shell. So the idea, already proposed in [9], consists in handling this constraint via the
introduction of a Lagrange multiplier. We thus introduce a mixed Naghdi problem in
which the unknowns are the displacement u and the rotation r which belong to H1

γ0
(ω)3

without any orthogonality constraint on r, and the Lagrange multiplier λ which belongs
to the space H1

γ0
(ω) and is aimed to enforce the tangency constraint r · a3 = 0. In view

of the discretization, we also possibly add a stabilizing term. Its usefulness appears in the
next section.

Let us introduce the relaxed function space

X(ω) = H1
γ0

(ω)3 ×H1
γ0

(ω)3, (2.21)

6



still equipped with the norm defined in (2.10) which is now denoted by ‖ · ‖X(ω). We also
set M(ω) = H1

γ0
(ω). For simplicity, we use an extension of the forms a(·; ·) and L(·) defined

in (2.12) and (2.13), respectively, to X(ω)× X(ω) and X(ω), with the notation

∀U = (u, r) ∈ X(ω),∀V = (v, s) ∈ X(ω),

a(U ;V ) = a
(
(u, r); (v, s)

)
and L(V ) = L((v, s)).

For a nonnegative parameter η, we consider the variational problem

Find (U,ψ) in X(ω)×M(ω) such that

∀V ∈ X(ω), a(U ;V ) + η ã(U ;V ) + b(V ;ψ) = L(V ),
∀χ ∈ M(ω), b(U ;χ) = 0,

(2.22)

where the bilinear forms ã(·; ·) and b(·; ·) are defined by

ã(U ;V ) =
∫

ω

∂α(r · a3)∂α(s · a3) dx, (2.23)

and
b(V ;χ) =

∫
ω

∂α(s · a3)∂αχdx. (2.24)

It must be observed that, since a3 belongs to W 1,∞(ω)3, the forms ã(·; ·) and b(·; ·)
are continuous on X(ω) × X(ω) and X(ω) × M(ω), respectively. Moreover, the following
identity is readily checked

V(ω) =
{
V = (v, s) ∈ X(ω); ∀χ ∈ M(ω), b(V ;χ) = 0

}
. (2.25)

The next ellipticity property

∀V ∈ V(ω), a(V ;V ) + η ã(V ;V ) ≥ c∗ e
3 ‖V ‖2

X(ω), (2.26)

is an obvious consequence of (2.19), and it can be checked thanks to exactly the same
argument as in [9] that an analogous property still holds for all V in X(ω) whenever η is
positive. We now investigate the inf-sup condition on the form b(·; ·).

Proposition 2.3. There exists a positive constant c] such that the following inf-sup
condition holds

∀χ ∈ M(ω), sup
V ∈X(ω)

b(V ;χ)
‖V ‖X(ω)

≥ c] ‖χ‖H1(ω). (2.27)

Proof: Let χ be an arbitrary element of M(ω). Since χ vanishes on γ0 and a3 belongs to
W 1,∞(ω)3, it is readily checked that V = (0, χa3) belongs to X(ω). Using the fact that
χa3 · a3 is equal to χ, we have with this choice of V

b(V ;χ) ≥ |χ|2H1(ω),
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so that, thanks to a generalized Poincaré–Friedrichs inequality,

b(V ;χ) ≥ c ‖χ‖2
H1(ω).

On the other hand, we observe that, owing to the regularity of a3,

‖V ‖X(ω) ≤ ‖χa3‖H1(ω)3 ≤ c ‖χ‖H1(ω).

Combining the last two inequalities gives the desired inf-sup condition.

The next corollary is a direct consequence of Proposition 2.3.

Corollary 2.4. When η is equal to zero, problems (2.11) and (2.22) are fully equivalent,
in the sense that
(i) for any solution (U,ψ) of problem (2.22), U = (u, r) is a solution of problem (2.11);
(ii) for any solution U = (u, r) of problem (2.11), there exists a unique ψ in M(ω) such
that (U,ψ) is a solution of problem (2.22).

The next theorem is an immediate consequence of properties (2.26) and (2.27), see
[15, Chap. I, Cor. 4.1] for instance.

Theorem 2.5. For any data (f ,N ,M) in H1
γ0

(ω)3′ × H
1
2
00(γ1)3′ × H

1
2
00(γ1)3′, problem

(2.22) admits a unique solution (U,ψ) in X(ω)×M(ω). Moreover this solution satisfies

‖U‖X(ω) + ‖ψ‖H1(ω) ≤ c e−3 ‖L‖. (2.28)

Remark. Since we are aiming for simplicity of implementation, we have made no attempt
to make the duality term intrinsic. In fact, it does depend on the chart, whereas the other
terms do not. This could arguably be considered to be a poor choice, especially if a chart
was used that gave much more weight to one part of the shell compared to the rest. An
intrinsic choice that obviously works is

b̃(V ;χ) =
∫

ω

aαβ∂α(s · a3)∂βχ
√
a dx.

To conclude, we check the consistency of the stabilizing term. For a while, we denote
by (Uη, ψη) the solution of problem (2.22) for a fixed value of η and by (U,ψ) the solution
of this same problem for η = 0.

Proposition 2.6. For any data (f ,N ,M) in ∈ H1
γ0

(ω)3′ × H
1
2
00(γ1)3′ × H

1
2
00(γ1)3′, the

following convergence property holds

lim
η→0

(
‖Uη − U‖X(ω) + ‖ψη − ψ‖M(ω)

)
= 0. (2.29)
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Proof: Since both constants c∗ in (2.26) and c] in (2.27) are independent of η, standard
arguments yield the following bound for the solution (Uη, ψη)

‖Uη‖X(ω) + ‖ψη‖M(ω) ≤ c e−3 ‖L‖.

On the other hand the pair (Uη − U,ψη − ψ) belongs to X(ω)×M(ω) and satisfies

∀V ∈ X(ω), a(Uη − U ;V ) + b(V ;ψη − ψ) = −η ã(Uη;V ),
∀χ ∈ M(ω), b(Uη − U ;χ) = 0,

Using again (2.26) and (2.27) combined with the previous estimate leads to

‖Uη − U‖X(ω) + ‖ψη − ψ‖M(ω) ≤ c η e−3 ‖L‖, (2.30)

whence the convergence property.

Note that estimate (2.30) provides an explicit estimate of the error issued from the
addition of a stabilizing term.
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3. The spectral discrete problem and its well-posedness.

To describe the discrete problem, we now assume that ω is the square ]− 1, 1[2 (this
can induce a further diffeomorphism, however for simplicity we keep the notation ϕ for
the chart). We assume that γ0 is the union of one, two, three or four whole edges of ω.

For each nonnegative integer n, we denote by Pn(ω) the space of restrictions to ω of
polynomials with two variables and degree ≤ n with respect to each variable. In order to
take into account the boundary conditions of the problem, we introduce the space Pγ0

n (ω) =
Pn(ω) ∩H1

γ0
(ω). Next, for a fixed integer N ≥ 2 and another integer L, 2 ≤ L ≤ N , we

define the discrete spaces

XN = Pγ0
N (ω)3 × Pγ0

N (ω)3, MN = Pγ0
L (ω). (3.1)

The reason for using two different parameters L and N is explained later on.

We also make use of the Gauss-Lobatto formula on the interval ]−1, 1[. Let Pn(−1, 1)
denote the space of restrictions to ] − 1, 1[ of polynomials with degree ≤ n. For a third
integer M ≥ N , we set: ξ0 = −1 and ξM = 1. We recall that there exists M − 1 nodes
ξj , 1 ≤ j ≤ M − 1, in ] − 1, 1[, with ξ0 < ξ1 < . . . < ξM , and M + 1 positive weights ρj ,
0 ≤ j ≤M , such that

∀Φ ∈ P2M−1(−1, 1),
∫ 1

−1

Φ(ζ) dζ =
M∑

j=0

Φ(ξj) ρj . (3.2)

Moreover the following property holds [4, form. (13.20)]

∀ϕ ∈ PM (−1, 1), ‖ϕ‖2
L2(−1,1) ≤

M∑
j=0

ϕ2(ξj) ρj ≤ 3 ‖ϕ‖2
L2(−1,1). (3.3)

The interest of using “over-integration”, i.e., taking M > N , in the case of non constant
coefficients has been fully brought to light in [22].

This leads to define a discrete product on ω: For any continuous functions u and v on
ω̄,

(u, v)M =
M∑
i=0

M∑
j=0

u(ξi, ξj)v(ξi, ξj) ρiρj . (3.4)

It follows from (3.3) that this product is a scalar product on PM (ω). We also introduce
the Lagrange interpolation operator IM at the nodes (ξi, ξj), 0 ≤ i, j ≤ M , with values
in PM (ω). Finally, the discrete product (·, ·)γ1

M is defined according to the geometry of γ1:
For any continuous functions u and v on γ̄1, if γ1 is the edge {−1}×]− 1, 1[,

(u, v)γ1
M =

M∑
j=0

u(−1, ξj)v(−1, ξj) ρj , (3.5)
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while if γ1 is the union of the two edges {−1}×]− 1, 1] and [−1, 1[×{1},

(u, v)γ1
M =

M∑
j=0

u(−1, ξj)v(−1, ξj) ρj +
M∑

j=0

u(ξj , 1)v(ξj , 1) ρj , (3.6)

and so on. The Lagrange interpolation operator iγ1
M is simply defined as the trace of IM

on γ1.

From now on, we make the further non restrictive assumption that the aα belong to
Hs0(ω)3 and that a3 belongs to Hs0+1(ω)3 for a real number s0 > 1. Moreover, in order
to take into account this rather weak regularity, we introduce the H1(ω)-projection akN

of each ak onto PN (ω)3, which satisfies

∀vN ∈ PN (ω)3, (∂αakN , ∂αvN )M =
∫

ω

(∂αak)(∂αvN ) dx

(akN , 1)M =
∫

ω

ak(x) dx.
(3.7)

Note that, in the previous problem, (·, ·)M can be replaced by (·, ·)N if preferred without
any modification on the properties of akN . In a similar way, we define the cαN as the
solution of the same problem with ak replaced by ∂αa3. It follows from (3.3) that the akN

and cαN are uniquely defined from these equations. This leads to the following discrete
forms of the tensors

γN
αβ(u) =

1
2
(∂αu · aβN + ∂βu · aαN ), (3.8)

δN
α3(U) =

1
2
(∂αu · a3N + r · aαN ), (3.9)

χN
αβ(U) =

1
2
(∂αu · cβN + ∂βu · cαN + ∂αr · aβN + ∂βr · aαN ). (3.10)

Up to the replacement of the ak by akN and also of the ∂αa3 by cαN , the discrete
problem is now constructed from (2.22) by the Galerkin method with numerical integration.
It reads

Find (UN , ψN ) in XN ×MN such that

∀VN ∈ XN , aM (UN ;VN ) + η ãM (UN ;VN ) + bM (VN ;ψN ) = LM (VN ),
∀χN ∈ MN , bM (UN ;χN ) = 0,

(3.11)

where the bilinear forms aM (·; ·), ãM (·; ·) and bM (·; ·) are defined, with the notation UN =
(uN , rN ) and VN = (vN , sN ) and obvious extension of the discrete products to vector-
valued functions, by

aM (UN ;VN ) = e
(
aαβρσ γN

αβ(uN ), γN
ρσ(vN )

√
a
)
M

+
e3

12
(
aαβρσ χN

αβ(UN ), χN
ρσ(VN )

√
a
)
M

+ 2e
E

1 + ν

(
aαβδN

α3(UN ), δN
β3(VN )

√
a
)
M
,

ãM (UN ;VN ) =
(
∂αIM (rN · a3N ), ∂αIM (sN · a3N )

)
M
,

bM (VN ;χN ) =
(
∂αIM (sN · a3N ), ∂αχN

)
M
.

(3.12)
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The linear form LM (·) is given by

LM (VN ) = (f ,vN

√
a
)
M

+ (N ,vN )γ1
M + (M , sN )γ1

M . (3.13)

Remark. The discrete problem (3.11) differs from the standard spectral discretization of
elliptic problems in two ways.
• The idea for the replacement of the aα by aαN and of the ∂αa3 by cαN in the definition
of the forms aM (·, ·) and bM (·, ·) comes from the lack of regularity of the ak. Indeed, if
one of the aα is not replaced by aαN , the continuity of these forms would require the
boundedness of IMaα at least in H1(ω)3, which would require that aα belongs to Hs0(ω)3

for s0 > 3
2 . We prefer to avoid this assumption.

• It is usual in spectral methods to take M equal to N , in order that the mass matrix
is diagonal. The choice of an M possibly larger than N here is due to the fact that the
coefficients involved in the previous forms depend on the space variable and are not very
smooth (see [22] for more details). However, if ξ∗j denote the nodes ξj for M equal to N
and ϕ∗j are the associated Lagrange polynomials, the unknown UN admits the expansion

UN (x, y) =
N∑

i=0

N∑
j=0

UN (ξ∗i , ξ
∗
j )ϕ∗i (x)ϕ

∗
j (y). (3.14)

So computing the values of UN and ∂αUN at the nodes (ξj , ξj) only requires the knowledge
of the two matrices made of the ϕ∗i (ξk) and of the ϕ∗′i (ξk), respectively.

Remark. Note that only the values of the coefficients at the nodes (ξi, ξj) are involved in
the definition of the discrete forms. For instance, if ϕj denote the Lagrange polynomials
associated with the nodes ξj , we have

IM (sN · a3N )(x, y) =
M∑
i=0

M∑
j=0

sN (ξi, ξj) · a3N (ξi, ξj)ϕi(x)ϕj(y). (3.15)

This makes the implementation of the previous problem rather easy (the values of the
ϕ′i(ξj) are given in [6, §V.4] for instance).

The analysis of problem (3.11) relies on a number of properties of the previous forms.
We begin with their continuity. In a preliminary step, we establish some results concerning
the new coefficients akN and cαN .

Lemma 3.1. There exists a constant c independent of N such that

‖aα − aαN‖L∞(ω)3 ≤ cN1−s0 (log N)
1
2 ‖aα‖Hs0 (ω)3 . (3.16)

There exists a constant c independent of N such that

‖a3 − a3N‖L∞(ω)3 ≤ cN−s0 (log N)
1
2 ‖a3‖Hs0+1(ω)3 , (3.17)

and that, for any real number p, 2 ≤ p ≤ 2
2−s0

,

‖a3 − a3N‖W 1,p(ω)3 ≤ cN4( 1
2−

1
p )−s0 ‖a3‖Hs0+1(ω)3 . (3.18)

12



There exists a constant c independent of N such that

‖∂αa3 − cαN‖L∞(ω)3 ≤ cN1−s0 (log N)
1
2 ‖a3‖Hs0+1(ω)3 . (3.19)

Proof: There exists [4, Thm 7.4] a polynomial ãkN in PN (ω)3 such that, for all real
numbers s, 0 ≤ s ≤ s0,

‖aα − ãαN‖Hs(ω)3 ≤ cNs−s0 ‖aα‖Hs0 (ω)3 . (3.20)

To prove the first estimate, we use the triangle inequality

‖aα − aαN‖L∞(ω)3 ≤ ‖aα − ãαN‖L∞(ω)3 + ‖aαN − ãαN‖L∞(ω)3 .

To bound the first quantity, we recall from [16] that, for all ε, 0 < ε < s0 − 1, the norm
of the Sobolev imbedding of H1+ε(ω) into L∞(ω) is bounded by c ε−

1
2 for a constant c

independent of ε. Combining this result with (3.20) with s = 1 + ε gives

‖aα − ãαN‖L∞(ω)3 ≤ c ε−
1
2 ‖aα − ãαN‖H1+ε(ω)3 ≤ c′ ε−

1
2 Nε+1−s0 ‖aα‖Hs0 (ω)3 .

Evaluating the second one relies on the inverse inequality (see [3, Chap. III, Prop. 3.1]),
valid for any p < +∞,

‖aαN − ãαN‖L∞(ω)3 ≤ cN
4
p ‖aαN − ãαN‖Lp(ω)3 .

We recall from [24] that the norm of the imbedding of H1(ω) into Lp(ω) behaves like c p
1
2

for a constant c independent of p. This yields

‖aαN − ãαN‖L∞(ω)3 ≤ c p
1
2 N

4
p ‖aαN − ãαN‖H1(ω)3

≤ c p
1
2 N

4
p

(
‖aα − aαN‖H1(ω)3 + ‖aα − ãαN‖H1(ω)3

)
.

It follows from the definition of aαN that

‖aα − aαN‖H1(ω)3 ≤ cN1−s0 ‖aα‖Hs0 (ω)3 . (3.21)

Combining this with (3.20) for s = 1 thus leads to

‖aαN − ãαN‖L∞(ω)3 ≤ c p
1
2 N

4
p +1−s0 ‖aα‖Hs0 (ω)3 .

Thus estimate (3.16) follows from the previous lines by taking ε = 4
p = 1

log N . Estimate
(3.17) relies on exactly the same arguments with s0 replaced by s0 + 1. To prove (3.18),
we first take s such that 1

p = 2−s
2 , so that Hs(ω) is imbedded in W 1,p(ω), and use an

analogous inverse inequality as previously (see again [3, Chap. III, Prop. 3.1]), which
gives

‖a3 − a3N‖W 1,p(ω)3 ≤ c ‖a3 − ã3N‖Hs(ω)3 + c′N4( 1
2−

1
p ) ‖a3N − ã3N‖H1(ω)3 .
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Thus, we deduce from the analogues of (3.20) and (3.21), with s0 replaced by s0 + 1, that

‖a3 − a3N‖W 1,p(ω)3 ≤ c (Ns−s0−1 +N4( 1
2−

1
p )−s0)‖a3‖Hs0+1(ω)3 .

Thus, noting that s− s0 − 1 is equal to 2( 1
2 −

1
p )− s0, hence is smaller than 4( 1

2 −
1
p )− s0,

gives the desired result. The proof of (3.19) relies on exactly the same arguments as for
(3.16).

As a consequence of the previous lemma, the norms of the coefficients akN and cαN .
in L∞(ω)3 and also of a3N in W 1,p(ω)3 are bounded independently of N . This leads to
the following continuity results.

Lemma 3.2. There exists a constant c independent of N and M ≥ N such that the
following continuity property holds

∀UN ∈ XN ,∀VN ∈ XN , |aM (UN ;VN )| ≤ c e ‖UN‖X(ω)‖VN‖X(ω). (3.22)

Proof: Since the coefficients aαβρσ and also
√
a are bounded, we derive by a Cauchy–

Schwarz inequality

e |
(
aαβρσ γN

αβ(uN ), γN
ρσ(vN )

√
a
)
M
| ≤ c e (γN

αβ(uN ), γN
αβ(uN ))

1
2
M (γN

ρσ(vN ), γN
ρσ(vN ))

1
2
M .

Thanks to Lemma 3.1, we observe that, at each node (ξi, ξj), 0 ≤ i, j ≤M ,

γN
αβ(uN )(ξi, ξj) ≤ c

(
|(∂αuN )(ξi, ξj)|+ |(∂βuN )(ξi, ξj)|

)
,

so that
(γN

αβ(uN ), γN
αβ(uN ))M ≤ c′

(
(∂αuN , ∂αuN )M + (∂βuN , ∂βuN )M

)
.

Using (3.3) and a similar estimate for (γN
ρσ(vN ), γN

ρσ(vN ))M leads to

e |
(
aαβρσ γN

αβ(uN ), γN
ρσ(vN )

√
a
)
M
| ≤ c e ‖uN‖H1(ω)3‖vN‖H1(ω)3 .

Similar arguments also yield

e3

12
|
(
aαβρσ χN

αβ(UN ), χN
ρσ(VN )

√
a
)
M
| ≤ c e3 ‖UN‖X(ω)‖VN‖X(ω),

and also

2e
E

1 + ν
|
(
aαβδN

α3(UN )δN
ρ3(VN )

√
a
)
M
|

≤ c e
(
‖uN‖H1(ω)3 + ‖rN‖L2(ω)3

)(
‖vN‖H1(ω)3 + ‖sN‖L2(ω)3

)
.

Property (3.22) is then derived from the last three bounds.

Lemma 3.3. There exists a constant c independent of N and M ≥ N such that the
following continuity property holds

∀UN ∈ XN ,∀VN ∈ XN , |ãM (UN ;VN )| ≤ c ‖UN‖X(ω)‖VN‖X(ω). (3.23)
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Proof: We derive from (3.3) that

|ãM (UN ;VN )| ≤ 3 |IM (rN · a3N )|H1(ω)|IM (sN · a3N )|H1(ω).

We recall from [4, form. (13.27) & (13.28)] the following property, valid for all integers K,

∀wK ∈ PK(ω), |IMwK |H1(ω) ≤ c (1 +
K

M
) |wK |H1(ω). (3.24)

Since both rN ·a3N and sN ·a3N are polynomials with degree smaller than 2N , this implies

|ãM (UN ;VN )| ≤ c |rN · a3N |H1(ω)|sN · a3N |H1(ω).

Then, we observe that

∂α(rN · a3N ) = ∂αrN · a3N + rN · ∂αa3N .

This yields, for the p such that 4( 1
2 −

1
p ) < s0 and q given by 1

p + 1
q = 1

2 ,

|rN · a3N |H1(ω) ≤ |rN |H1(ω)3‖a3N‖L∞(ω)3 + ‖rN‖Lq(ω)3‖a3N‖W 1,p(ω)3 .

By combining Lemma 3.1 with the embedding of H1(ω) into Lq(ω), we obtain

|rN · a3N |H1(ω) ≤ c ‖rN‖H1(ω)3‖a3‖Hs0+1(ω)3 .

A similar estimate holds for |sN · a3N |H1(ω), which yields the desired continuity property.

The continuity of bM (·; ·) relies on the same arguments, so that we omit the proof of
the next lemma.

Lemma 3.4. There exists a constant c independent of N and M ≥ N such that the
following continuity property holds

∀VN ∈ XN ,∀χN ∈ MN , |bM (VN ;χN )| ≤ c ‖VN‖X(ω)‖χN‖H1(ω). (3.25)

Finally we derive from (3.3) that, if ‖LM‖N denotes the norm of the form LM in the
space of linear forms on XN ,

‖LM‖N ≤ c
(
‖IMf‖L2(ω)3 + ‖iγ1

MN‖L2(γ1)3 + ‖iγ1
MM‖L2(γ1)3

)
. (3.26)

To go further, we introduce the kernel

VN =
{
VN = (vN , sN ) ∈ XN ; ∀χN ∈ MN , bM (VN ;χN ) = 0

}
. (3.27)
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It is readily checked that VN is not contained in V(ω) in the general case. So the proof
of the next ellipticity property relies on the following result, due to [9, Lemma 3.3] and
already hinted in Section 2: For a constant c[ > 0,

∀V ∈ X(ω), [V ]2 + ã(V ;V ) ≥ c[ ‖V ‖2
X(ω), (3.28)

where the seminorm [·] is defined in (2.16). Let us also consider its discrete analogue on
XN :

[VN ]M =
((
γN

αβ(vN ), γN
αβ(vN )

)
M

+
(
χN

αβ(vN , sN ), χN
αβ(vN , sN )

)
M

+
(
δN
α3(vN , sN ), δN

α3(vN , sN )
)
M

) 1
2
.

(3.29)

From now on, we choose L and M such that, for fixed real numbers λ and µ, 0 < λ < 1
and 0 < µ ≤ 1,

L = b(1− λ)Nc and M = b(1 + µ)Nc, (3.30)

where b·c denotes the integer part.

Proposition 3.5. There exists a positive integer N∗ and a positive constant c̃∗ such that,
for all N ≥ N∗, the following ellipticity property holds

∀VN ∈ XN , aM (VN ;VN ) + η ãM (VN ;VN ) ≥ c̃∗ min{e3, η} ‖VN‖2
X(ω). (3.31)

Proof: It is readily checked from (2.4) that, for all VN in XN ,

aM (VN ;VN ) + η ãM (VN ;VN ) ≥ c̃∗ min{e3, η}
(
[VN ]2M + ãM (VN ;VN )

)
. (3.32)

On the other hand, since XN is contained in X(ω), it follows from (3.28) that

[VN ]2 + ã(VN ;VN ) ≥ c[ ‖VN‖2
X(ω). (3.33)

So it remains to compare [VN ] and [VN ]M and also ã(VN , VN ) and ãM (VN ;VN ). Let K
denote the integer part of µN − 1 (we assume N large enough for K to be positive).
1) Let aαK denote an approximation of aα in PK(ω)3 which still satisfies (3.16), and
γK

αβ(vN ) be defined as in (3.8) with aαN replaced by aαK . It follows from the exactness
property (3.2) that (

γK
αβ(vN ), γK

αβ(vN )
)
M

= ‖γK
αβ(vN )‖2

L2(ω)2×2 .

Then, we use the inequalities(
γN

αβ(vN ), γN
αβ(vN )

)
M
≥

(
γK

αβ(vN ), γK
αβ(vN )

)
M

+ 2
(
(γN

αβ − γK
αβ)(vN ), γK

αβ(vN )
)
M
,

and

‖γK
αβ(vN )‖2

L2(ω)2×2 ≥ ‖γαβ(vN )‖2
L2(ω)2×2 − 2

∫
Ω

(
γαβ(vN )− γK

αβ(vN )
)
γαβ(vN ) dx.
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On the other hand, the same arguments as for Lemma 3.2 yield that

|
(
(γN

αβ − γK
αβ)(vN ), γK

αβ(vN )
)
M
| ≤ c

2∑
α=1

‖aαN − aαK‖L∞(ω)3 ‖vN‖2
H1(ω)3 ,

while it is readily checked that

|
∫

Ω

(
γαβ(vN )− γK

αβ(vN )
)
γαβ(vN ) dx| ≤ c

2∑
α=1

‖aα − aαK‖L∞(ω)3 ‖vN‖2
H1(ω)3 .

All this yields(
γN

αβ(vN ), γN
αβ(vN )

)
M
≥ ‖γαβ(vN )‖2

L2(ω)2×2

− c
2∑

α=1

(‖aα − aαN‖L∞(ω)3 + ‖aα − aαK‖L∞(ω)3) ‖vN‖2
H1(ω)3 .

Using the same arguments for estimating the two other terms together with Lemma 3.1
leads to

[VN ]2M ≥ [VN ]2 − cN1−s0 (log N)
1
2 ‖VN‖2

X(ω). (3.34)

2) Similarly, let a3K denote an approximation of a3 in PK(ω)3 which still satisfies (3.17).
Since sN · a3K now belongs to PM (ω), it is equal to IM (sN · a3K) and, moreover,

(
∂αIM (sN · a3K), ∂αIM (sN · a3K)

)
M

=
∫

ω

∂α(sN · a3K)∂α(sN · a3K) dx.

Thus, the same arguments as for Lemma 3.3 (see (3.24)) yield that

ãM (VN ;VN ) ≥ ã(VN , VN )

− c
2∑

α=1

(
‖∂α(sN · (a3 − a3N ))‖L2(ω)3 + ‖∂α(sN · (a3 − a3K))‖L2(ω)3

)
‖sN‖H1(ω)3 .

Using once more Lemma 3.1 (with p such that 4( 1
2 −

1
p ) ≤ 1) leads to

ãM (VN ;VN ) ≥ ã(VN , VN )− cN1−s0 (log N)
1
2 ‖sN‖2

H1(ω)3 . (3.35)

Combining (3.33) to (3.35) gives

[VN ]2M + ãM (VN ;VN ) ≥
(
c[ − cN1−s0 (log N)

1
2
)
‖VN‖2

X(ω).

We choose N∗ such that cN1−s0
∗ (log N∗)

1
2 ≤ c[

2 . Thus, the desired property follows from
(3.32).

Proving the inf-sup condition on bM (·, ·) is performed in two steps. Note that it
requires the choice of L made in (3.30) (we refer to [5, §3] for proving an inf-sup condition
with such a choice in a completely different context).
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Lemma 3.6. There exist a positive integer N] and a positive constant c̃] such that, for
all N ≥ N], the following inf-sup condition holds

∀χN ∈ MN , sup
V ∈XN

b(VN ;χN )
‖VN‖X(ω)

≥ c̃] ‖χN‖H1(ω). (3.36)

Proof: Let χN be any element of MN . Let now K ′ stand for the integer part of λN − 1.
We introduce an approximation a3K′ of a3 in PK′(ω)3 which satisfies (3.17) and (3.18).
It follows from the definition (3.1) of MN and the choice (3.30) of L that, for any χN in
MN , the function sN = χN a3K′ belongs to PN (ω)3. Since χN vanishes on γ0, the function
VN = (0, sN ) belongs to XN , and satisfies

b(VN ;χN ) =
∫

ω

∂α(χN a3K′ · a3)∂αχN dx.

Since a3 · a3 is equal to 1, this gives

b(VN ;χN ) = |χN |2H1(ω) −
∫

ω

∂α(χN (a3 − a3K′) · a3)∂αχN dx.

Combining the Poincaré-Friedrichs inequality with the continuity of b(·; ·) yields

b(VN ;χN ) ≥ c ‖χN‖2
H1(ω) − |χN (a3 − a3K′) · a3)|H1(ω)|χN |H1(ω).

We have, for an appropriate value of p and with 1
p + 1

q = 1
2 ,

‖∂α(χN (a3 − a3K′) · a3)‖L2(ω) ≤ |χN |H1(ω)‖a3‖L∞(ω)3‖a3 − a3K′‖L∞(ω)3

+ ‖χN‖L2(ω)‖a3‖W 1,∞(ω)3‖a3 − a3K′‖L∞(ω)3

+ ‖χN‖Lq(Ω)‖a3‖L∞(ω)3‖a3 − a3K′‖W 1,p(ω)3 .

Using the fact [24] that the norm of the imbedding of H1(ω) into Lq(ω) behaves like c q
1
2 ,

combined with (3.17) and (3.18), and taking q equal to log N lead to

b(VN ;χN ) ≥
(
c− c′N−s0 (log N)

1
2
)
‖χN‖2

H1(ω),

whence, for N large enough,

b(VN ;χN ) ≥ c

2
‖χN‖2

H1(ω).

On the other hand, usual arguments combined with (3.17) and (3.18) give

‖sN‖H1(ω)3 ≤ c ‖χN‖H1(ω),

which yields the desired inf-sup condition.
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Proposition 3.7. There exist a positive integer N]] and a positive constant c̃]] such that,
for all N ≥ N]], the following inf-sup condition holds

∀χN ∈ MN , sup
V ∈XN

bM (VN ;χN )
‖VN‖X(ω)

≥ c̃]] ‖χN‖H1(ω). (3.37)

Proof: Thanks to Lemma 3.6, there exists a VN in XN such that

b(VN ;χN ) ≥ c ‖χN‖2
H1(ω) and ‖VN‖X(ω) ≤ c̃−1

] ‖χN‖H1(ω). (3.38)

On the other hand, we have

bM (VN ;χN ) = b(VN ;χN )− (b− bM )(VN ;χN ),

so that it remains to estimate (b− bM )(VN ;χN ). If K denotes the integer part of µN − 1
and a3K an approximation of a3 in PK(ω)3 which satisfies (3.17) and (3.18), IM (sN ·α3K)
is equal to sN · α3K , whence

(
∂αIM (sN · a3K), ∂αχN )M =

∫
ω

∂α(sN · a3K)∂αχN dx. (3.39)

Adding and subtracting this quantity and using (3.3) and (3.24) lead to , with 1
p + 1

q = 1
2 ,

|(b− bM )(VN ;χN )| ≤ c ‖sN‖H1(ω)3‖χN‖H1(ω)(
‖a3 − a3K‖L∞(ω)3 + q

1
2 ‖a3 − a3K‖W 1,p(ω)3

+ ‖a3 − a3N‖L∞(ω)3 + q
1
2 ‖a3 − a3N‖W 1,p(ω)3

)
.

By using (3.17) and (3.18) and taking q = log N , this gives

|(b− bM )(VN ;χN )| ≤ cN−s0 (log N)
1
2 ‖VN‖X(ω)‖χN‖H1(ω). (3.40)

Combining this last inequality with (3.38) yields the desired condition for N large enough.

The well-posedness result is now a direct consequence of Propositions 3.5 and 3.7.
The stability estimate also requires (3.26).

Theorem 3.8. There exists a positive integer N0 such that, for any data (f ,N ,M) in
C 0(ω)3 × C 0(γ1)3 × C 0(γ1)3 and for N ≥ N0, problem (3.11) admits a unique solution
(UN , ψN ) in XN ×MN . Moreover this solution satisfies

‖UN‖X(ω) + ‖ψN‖H1(ω) ≤ c max{e−3, η−1} ‖LM‖N . (3.41)

It can be noted that the condition N ≥ N0 is not necessary for the existence of a
solution to problem (3.11). However it is not restrictive since we intend to work with large
values of N .
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4. Error estimates.

The error estimate that we now prove is derived from Proposition 3.5 and requires the
integer N∗ introduced there. Indeed we are not interested in the evaluation of the error
concerning the Lagrange multiplier ψ. We first prove the following version of the second
Strang’s lemma.

Proposition 4.1. For any integer N ≥ N∗, the following error estimate holds between
the solution (U,ψ) of problem (2.22) and the solution (UN , ψN ) of problem (3.11)

‖U − UN‖X(ω) ≤ c max{e−3, η−1}(
inf

WN∈VN

(
max{e, η} ‖U −WN‖X(ω) + sup

VN∈XN

Ea
M (WN ;VN ) + η Ẽa

M (WN ;VN )
‖VN‖X(ω)

)
+ inf

χN∈MN

(
‖ψ − χN‖H1(ω) + sup

VN∈XN

Eb
M (VN ;χN )
‖VN‖X(ω)

)
+ sup

VN∈XN

ELM (VN )
‖VN‖X(ω)

)
,

(4.1)
where the four quantities Ea

M , Ẽa
M , Eb

M and ELM are defined by

Ea
M (WN ;VN ) = (a− aM )(WN ;VN ), Ẽa

M (WN ;VN ) = (ã− ãM )(WN ;VN ),

Eb
M (VN ;χN ) = (b− bM )(VN ;χN ), ELM (VN ) = (L − LM )(VN ).

(4.2)

Proof: Let VN and WN be any functions in VN . We derive from problem (3.11) that

aM (UN −WN ;VN ) + η ãM (UN −WN ;VN ) = LM (VN )− aM (WN ;VN )− η ãM (WN ;VN ).

Then, using problem (2.22) yields for any χN in MN (note that bM (VN ;χN ) is equal to
zero)

aM (UN −WN ;VN ) + η ãM (UN −WN ;VN )

= −ELM (VN ) + a(U −WN ;VN ) + Ea
M (WN ;VN )

+ η ã(U −WN ;VN ) + η Ẽa
M (WN ;VN ) + b(VN ;ψ − χN ) + Eb

M (VN ;χN ).

Next, we take VN equal to UN −WN (which belongs to VN ) and use the ellipticity property
(3.31). Since the norm of a(·; ·) is smaller than c e, this gives the desired estimate for
the term ‖UN − WN‖X(ω). We conclude thanks to a triangle inequality by noting that
e max{e−3, η−1} is larger than 1.

The two terms

inf
WN∈VN

‖U −WN‖X(ω) and inf
χN∈MN

‖ψ − χN‖H1(ω),

represent the approximation errors while the four other terms are issued from numerical
integration and the replacement of the coefficients of the initial problem by discrete ones.
We begin with the first approximation error.
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Lemma 4.2. For any integer N ≥ N]], there exists a constant c independent of N such
that, for all U in V(ω),

inf
WN∈VN

‖U −WN‖X(ω) ≤ c inf
ZN∈XN

(
‖U − ZN‖X(ω) + sup

ωN∈MN

Eb
M (ZN ;ωN )
‖ωN‖H1(ω)

)
. (4.3)

Proof: Let ZN be any element of XN . It follows from the inf-sup condition (3.37), see
[15, Chap. I, Lemma 4.1] that there exists a Z̃N in XN such that

∀ωN ∈ MN , bM (Z̃N ;ωN ) = bM (ZN ;ωN ),

and

‖Z̃N‖X(ω) ≤ c̃−1
]] sup

ωN∈MN

bM (ZN ;ωN )
‖ωN‖H1(ω)

. (4.4)

Then, the function WN = ZN − Z̃N belongs to VN . Moreover, we obtain the desired
estimate by using the triangle inequality

‖U −WN‖X(ω) ≤ ‖U − ZN‖X(ω) + ‖Z̃N‖X(ω),

combined with (4.4), the identity

bM (ZN ;ωN ) = −b(U − ZN ;ωN )− Eb
M (ZN ;ωN ),

and the continuity of b(·; ·).

Since γ0 is the union of whole edges of ω, the following estimtates are standard, see
[4, §7] for instance: If the solution (U,ψ) belongs to HS(ω)3×3 ×HS(ω) for a real number
S ≥ 1,

inf
ZN∈XN

‖U − ZN‖X(ω) ≤ cN1−S ‖U‖HS(ω)3×3 ,

inf
χN∈MN

‖ψ − χN‖H1(ω) ≤ cN1−S ‖ψ‖HS(ω).
(4.5)

So it remains to investigate the four terms defined in (4.2).

Lemma 4.3. There exists a constant c only depending on the norms of the aα in Hs0(ω)3

and of a3 in Hs0+1(ω)3 such that

∀WN ∈ XN , sup
VN∈XN

Ea
M (WN ;VN )
‖VN‖X(ω)

≤ c eN1−s0 (log N)
1
2 ‖WN‖X(ω). (4.6)

Proof: Let K ′′ now denote the integral part of µ N−1
2 . It follows from the definition

of the aαβρσ and also of a that all these coefficients and also
√
a belong to Hs0(ω). We

denote by aαK′′ , aαβρσ
K′′ and (

√
a)K′′ approximations of the aα, aαβρσ and

√
a in PK′′(ω)3
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or in PK′′(ω) which still satisfies (3.16). We then derive form the exactness property (3.2)
and with obvious notation(

aαβρσ
K′′ γK′′

αβ (wN ), γK′′

ρσ (vN ) (
√
a)K′′

)
M

=
∫

ω

aαβρσ
K′′ γK′′

aβ (wN )γK′′

ρσ (vN ) (
√
a)K′′ dx.

Inserting this equality in the definition of aM (·; ·) and similar ones for the other terms of
a(·; ·) and aM (·; ·) leads to the following bound

Ea
M (WN ;VN ) ≤ c κN ‖WN‖X(ω)‖VN‖X(ω),

where the quantity κN is equal to

κN = max
{
‖ak − akK′′‖L∞(ω)3 , ‖ak − akN‖L∞(ω)3 ,

‖∂αa3 − cαK′′‖L∞(ω)3 , ‖∂αa3 − cαN‖L∞(ω)3 ,

‖aαβρσ − aαβρσ
K′′ ‖L∞(ω), ‖

√
a− (

√
a)K′′‖L∞(ω)

}
.

So the desired estimate is obviously derived from (3.16), (3.17) and (3.19).

Lemma 4.4. There exists a constant c only depending on the norms of a3 in Hs0+1(ω)3

such that

∀WN ∈ XN , sup
VN∈XN

Ẽa
M (WN ;VN )
‖VN‖X(ω)

≤ cN−s0 (log N)
1
2 ‖WN‖X(ω). (4.7)

Proof: We set: WN = (wN , tN ) and VN = (vN , sN ). As in the proof of Proposition 3.5,
we take K equal to the integer part of µN − 1 and consider an approximation a3K of a3

in PK(ω)3 which still satisfies (3.17) and (3.18). Thus, IM (tN · a3K) and IM (sN · a3K)
are equal to tN · a3K and sN · a3K , respectively, whence(

∂αIM (tN · a3K), ∂αIM (sN · a3K)
)
M

=
∫

ω

∂α(tN · a3K)∂α(sN · a3K) dx.

Adding and subtracting this equality and using the continuity of ãM (·; ·) proved in Lemma
3.3, we derive

Ẽa
M (WN ;VN )
‖VN‖X(ω)

≤ c
(
‖WN‖X(ω)

(
‖sN · (a3N − a3K)‖H1(ω) + ‖sN · (a3 − a3K)‖H1(ω)

)
+ ‖VN‖X(ω)

(
‖tN · (a3N − a3K)‖H1(ω) + ‖tN · (a3 − a3K)‖H1(ω)

))
.

Then, we use the inequality, with 1
p + 1

q = 1
2 ,

|sN · (a3 − a3K)‖H1(ω) ≤ ‖sN‖H1(ω)3‖a3 − a3K‖L∞(ω)3 + ‖sN‖Lq(ω)3‖a3 − a3K‖W 1,p(ω)3 ,

and similar ones for the other terms. Combining this with (3.17) and (3.18), using once
more the fact that the norm of the imbedding of H1(ω) into Lq(ω) is smaller that c q

1
2 and

taking q equal to log N give the desired result.
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The proof of the next lemma relies on exactly the same arguments as for Proposition
3.7, see (3.40). So we omit it.

Lemma 4.5. There exists a constant c only depending on the norms of a3 in Hs0+1(ω)3

such that

∀χN ∈ MN , sup
VN∈XN

Eb
M (VN ;χN )
‖VN‖X(ω)

≤ cN−s0 (log N)
1
2 ‖χN‖H1(ω), (4.8)

and

∀ZN ∈ XN , sup
ωN∈MN

Eb
M (ZN ;ωN )
‖ωN‖H1(ω)

≤ cN−s0 (log N)
1
2 ‖ZN‖X(ω). (4.9)

Lemma 4.6. Assume that the data (f ,N ,M) belongs to Hs1(ω)3×Hs1(γ1)3×Hs1(γ1)3

for a real number s1 > 1. There exists a constant c̃ only depending on the norms of the
aα in Hs0(ω)3 such that

sup
VN∈XN

EL
M (VN )

‖VN‖X(ω)
≤ c

(
c̃ N1−s0 (log N)

1
2 + c(f ,N ,M)N−s1

)
, (4.10)

where the quantity c(f ,N ,M) is defined by

c(f ,N ,M) = ‖f‖Hs1 (ω)3 + ‖N‖Hs1 (γ1)3 + ‖M‖Hs1 (γ1)3 . (4.11)

Proof: If K denotes the integer part of µN − 1 and (
√
a)K an approximation of

√
a in

PK(ω) which satisfies (3.16) (we recall that
√
a belongs to Hs0(ω)), we derive from (3.2)

the identity, for all VN = (vN , sN ) in XN

(f ,vN (
√
a)K

)
M

=
∫

ω

IMf · vN (
√
a)K dx,

whence

|
∫

ω

f · vN

√
a dx− (f ,vN

√
a
)
M
|

≤
(
‖
√
a− (

√
a)K‖L∞(ω)‖f‖L2(ω)3 + ‖(

√
a)K‖L∞(ω)‖f − IMf‖L2(ω)3

)
‖vN‖L2(ω)3 .

Similar but simpler arguments also yield

|
∫

γ1

N · vN dτ − (N ,vN )γ1
M | ≤ c ‖N − iγ1

MN‖L2(γ1)3‖vN‖H1(ω)3 ,

and
|
∫

γ1

M · vN dτ − (M ,vN )γ1
M | ≤ c ‖M − iγ1

MM‖L2(γ1)3‖vN‖H1(ω)3 .

So estimate (4.10) is a direct consequence of (3.16) and the approximation properties of
the operators IM and iγ1

M , see [4, Thms 13.4 & 14.2].
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To conclude, we insert (4.3) into (4.1). Next, we use (4.5) and Lemmas 4.3 to 4.6 to
bound all the terms in the right-hand side.

Theorem 4.7. Assume that:
(i) the solution (U,ψ) of problem (2.22) belongs to HS(ω)3×3 ×HS(ω) for a real number
S ≥ 1,
(ii) the data (f ,N ,M) belongs to Hs1(ω)3×Hs1(γ1)3×Hs1(γ1)3 for a real number s1 > 1.
Then, for any integer N ≥ N0, the following error estimate holds between this solution
(U,ψ) and the solution (UN , ψN ) of problem (3.11)

‖U − UN‖X(ω) ≤ c max{e−3, η−1}(
c(U,ψ) max{e, η}N1−S + c̃ N1−s0 (log N)

1
2 + c(f ,N ,M)N−s1

)
,

(4.12)

where the quantity c(U,ψ) is defined by

c(U,ψ) = ‖U‖HS(ω)3×3 + ‖ψ‖HS(ω), (4.13)

the constant c̃ only depends on the coefficients involved in problem (2.11) and the quantity
c(f ,N ,M) is defined in (4.11).

Estimate (4.12) is optimal and proves the convergence of the method without any
restriction. Moreover, when combined with (2.30), it provides an estimate of the error
between the solution of the initial problem (2.11) and the part UN of the solution (UN , ψN )
of problem (3.11), of order

ηe−3 + max{e−3, η−1} max{eN1−S , η N1−S , N1−s0 (log N)
1
2 , N−s1}. (4.14)

In order to optimize the choice of η, it seems reasonable to assume that s0 is smaller
than S and that s1 − 1, so that taking η such that

η = c e
3
2 N

1−s0
2 ,

which leads to an error of order e−
3
2 N

1−s0
2 (log N)

1
2 . So taking N large enough gives an

error smaller than any fixed tolerance. A consequence is that the locking phenomenon is
not directly linked to the discretization (and could not appear when the ratio N1−s0/e3

tends to zero). In contrast, it can be thought that the condition number of the linear system
resulting from problem (3.11) highly increases with N , so that the this phenomenon could
be due to the use of bad preconditioners in the iterative solution of the system. Numerical
experiments should confirm this idea.
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[13] D. Chapelle, A. Ferent, K.J. Bathe — 3D-shell elements ans their underlying mathematical
model, Math. Models and Methods in Applied Sciences 14 (2004), 105-142.

[14] P.G. Ciarlet — Mathematical Elasticity, Volume III: Theory of Shells, North-Holland (2000).

[15] V. Girault, P.-A. Raviart — Finite Element Methods for Navier–Stokes Equations, Theory and

Algorithms, Springer–Verlag (1986).

[16] A. Haraux — A sharp norm estimate for an almost critical Sobolev imbedding, in preparation.

[17] N. Kerdid, P. Mato Eiroa — Conforming finite element approximation for shells with little
regularity, Comput. Methods in Applied Mech. and Engrg. 188 (2000), 95–107.

25
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