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Abstract: Darcy’s equations model the flow of a viscous incompressible fluid in a rigid
porous medium. One of the parameters of the system depends on the permeability of the
medium and, when this one is not homogeneous, the variations of the parameter could be
very high. To handle this phenomenon, we propose a discretization of the model that relies
on the mortar finite element method. Indeed, the idea is to construct a decomposition of
the domain such that the permeability is constant on each element of the partition and
to use independent meshes on the different subdomains. We perform the a priori and a
posteriori analysis of this discretization and present some numerical experiments which are
in good coherency with the results of the analysis.

Résumé: Les équations de Darcy modélisent l’écoulement d’un fluide visqueux incom-
pressible dans un milieu poreux rigide. Un des paramètres dpend de la perméabilité du mi-
lieu et, lorsqu’il n’est pas homogène, les variations de ce paramtre peuvent tre extrêmement
importantes. Pour traiter ce phénomène, nous proposons une discrétisation du modèle par
éléments finis avec joints, l’idée étant de construire une décomposition du domaine telle que
la perméabilité soit constante sur chaque élément de la partition et d’utiliser des maillages
indépendants sur les diffrents sous-domaines. Nous effectuons l’analyse a priori et a poste-
riori de cette discrétisation et présentons quelques expériences numériques qui confirment
les résultats de l’analyse.
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1. Introduction.

The flow of a viscous incompressible fluid in a rigid porous medium occupying the two-
or three-dimensional domain Ω, is modeled by the following system of partial differential
equations, introduced by Darcy [19],{

u+K grad p = f in Ω,

divu = g in Ω.
(1.1)

We refer to [25] for the main arguments leading to the derivation of this model. Even
if more sophisticated equations exist for such a flow, see [28], we are interested in the
discretization of problem (1.1) in the case where the medium is not homogeneous. This
induces that the parameter K, which depends on the permeability of the medium and the
viscosity of the fluid, is piecewise continuous. For simplicity, we only consider the rather
realistic case where K is piecewise constant but where its variations on the domain Ω can
be very large.

To handle these variations, we have decided to use the mortar domain decomposition
method, as introduced in [11]: We consider a partition of the domain without overlap such
that the parameter K is constant on each subdomain. We refer to [4] for a first mortar
element discretization of Darcy’s equations in the framework of spectral methods. Relying
on the variational formulation of the problem, we propose here a finite element discrete
problem which combines the use of different meshes according to the subdomains with
finite elements proposed for Darcy’s system in the simpler case of one subdomain in [2,
§4]. It must be noted that these elements lead to nonconforming finite element spaces on
the subdomains, and we refer to [24] and [30] for previous work on the use of such elements
in the mortar framework. We prove that this discrete problem has a unique solution.

In a second step, we establish a priori and a posteriori estimates between the solutions
of the continuous and discrete problems, the main difficulty of the a posteriori analysis
being due to the local and global nonconformities of the discretization. These estimates
are quasi-optimal and their dependence with respect to the variations of K is reduced by
using K-dependent norms proposed in [1] (we refer to [27] for a different way of handling
these variations in another context). They yield the convergence of the method and are the
basic tools for permorming mesh adaptivity in an efficient way, since the mortar technique
allows for working with completely independent triangulations on the different subdomains
(other results concerning the adaptivity via the mortar method can be found in [10] and
[8]). Numerical experiments justifiy the optimality of the discretization and turn out to
be in good coherency with the analysis.

The outline of the paper is as follows.
• In Section 2, we write the variational formulation of the problem and recall its main
properties.
• Section 3 is devoted to the description of the discrete problem and to the proof of its
well-posedness.
• We prove the a priori and a posteriori estimates in Sections 4 and 5, respectively.
• The adaptivity strategy and numerical experiments are presented in Section 6.
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2. The continuous problem.

Let Ω be a bounded, connected, open set in Rd, d = 2 or 3, with a Lipschitz–continuous
boundary ∂Ω, and let n denote the unit outward normal vector to Ω on ∂Ω. For mathe-
matical convenience, we consider the slightly different problem with respect to (1.1)

αu+ grad p = αf in Ω,

divu = g in Ω,

u · n = k on ∂Ω.

(2.1)

The data are now the functions f and g and the boundary condition k. The unknowns are
the velocity u and the pressure (or hydraulic head, according to the model) p. For already
explained reasons, we assume that the function α is piecewise constant: there exists a
partition of the domain Ω without overlap into connected subdomains Ω`, 1 ≤ ` ≤ L, such
that α is constant equal to α`, on each Ω`. Note that the function α can be equal to the
same constant in different subdomains: This choice can be made for instance in order to
avoid to work with subdomains of large aspect ratios. We introduce the notation

αmin = min
1≤`≤L

α` and αmax = max
1≤`≤L

α`, (2.2)

and, without restriction, we assume that αmin is positive. We now write the variational
formulation of problem (2.1). Next we prove its well-posedness and recall some regularity
properties.

Variational formulation

We use the complete scale of Hilbertian Sobolev spaces Hs(Ω), s ≥ 0, on Ω and we
denote by ‖ · ‖Hs(Ω) and | · |Hs(Ω) the corresponding norms and semi-norms when s is
an integer. We also define H

1
2 (∂Ω) as the space of traces of functions of H1(Ω) on ∂Ω,

provided with the trace norm, and H−
1
2 (∂Ω) as its dual space. As usual, L2

0(Ω) stands for
the space of functions in L2(Ω) with a null integral on Ω. Finally, we consider the space
C∞(Ω) of infinitely differentiable functions on Ω and its subspace D(Ω) of functions with
a compact support in Ω.

As now well-known (see [12, §XIII.1]), system (2.1) admits several variational for-
mulations, depending on whether the boundary conditions in the third line are treated as
essential or natural ones. We have chosen the formulation which seems the more convenient
in view of the finite element discretization. So we consider the variational problem

Find (u, p) in L2(Ω)d ×
(
H1(Ω) ∩ L2

0(Ω)
)

such that

∀v ∈ L2(Ω)d, aα(u,v) + b(v, p) =
L∑
`=1

α`

∫
Ω`

f(x) · v(x) dx,

∀q ∈ H1(Ω) ∩ L2
0(Ω), b(u, q) = −

∫
Ω

g(x)q(x) dx+ 〈k, q〉∂Ω,

(2.3)
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where 〈·, ·〉∂Ω denotes the duality pairing between H−
1
2 (∂Ω) and H

1
2 (∂Ω), while the bilin-

ear forms aα(·, ·) and b(·, ·) are defined by

aα(·, ·) =
L∑
`=1

α`

∫
Ω`

u(x) · v(x) dx, b(v, q) =
∫

Ω

v(x) · (grad q)(x) dx. (2.4)

Note that a compatibility condition on the data is needed to prove the equivalence
of problems (2.1) and (2.3), as standard for the Stokes problem (see [23, Chap. I, Thm
5.1] for instance). The regularity assumptions on the data in the next proposition can be
weakened, however we have no applications for that.

Proposition 2.1. If the data (f , g, k) belong to L2(Ω)d × L2(Ω)×H− 1
2 (∂Ω) , problems

(2.1) and (2.3) are equivalent if and only if the following compatibility condition holds

−
∫

Ω

g(x) dx+ 〈k, 1〉∂Ω = 0. (2.5)

Proof: Due to the density of D(Ω)d in L2(Ω)d, the first line in (2.1), when taken in the
distribution sense, is fully equivalent to the first equation in (2.3). On the other hand,
when multiplying the second line in (2.1) by a function q in C∞(Ω), integrating by parts
and using the third line, we obtain that the second equation of (2.3) is satisfied for all q in
C∞(Ω), hence for all q in H1(Ω) by density. Conversely, it follows from the compatibility
condition (2.5) that the second equation in (2.3) is satisfied when q is a constant function,
hence for all q in H1(Ω). Then, letting q run through D(Ω) gives the second line of (2.1)
in the distribution sense and letting q run through C∞(Ω) leads to the third line.

Well-posedness of the problem

In order to optimize the constants in all that follows and as first proposed in [1, form.
(8)], we introduce the α-dependent norms

‖v‖α =
( L∑
`=1

α` ‖v‖2L2(Ω`)d

) 1
2 , ‖q‖α∗ =

( L∑
`=1

1
α`
|q|2H1(Ω`)

) 1
2 . (2.6)

The fact that the semi-norm ‖ · ‖α∗ is a norm on H1(Ω)∩L2
0(Ω) results from a generalized

Bramble–Hilbert inequality and can easily be derived thanks to the Peetre–Tartar lemma,
see [23, Chap. I, Thm 2.1].

Indeed, it follows from this definition and appropriate Cauchy–Schwarz inequalities
that the forms aα(·, ·) and b(·, ·) satisfy the continuity properties

∀u ∈ L2(Ω)d,∀v ∈L2(Ω)d, aα(u,v) ≤ ‖u‖α ‖v‖α,
∀v ∈ L2(Ω)d,∀q ∈ H1(Ω) ∩ L2

0(Ω), b(v, q) ≤ ‖v‖α ‖q‖α∗ .
(2.7)

Hence, their norms are bounded independently of α. We also have the ellipticity property

∀v ∈ L2(Ω)d, aα(v,v) = ‖v‖2α. (2.8)
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The inf-sup condition on the form b(·, ·) is derived in the next statement.

Lemma 2.2. The form b(·, ·) satisfies the inf-sup condition

∀q ∈ H1(Ω) ∩ L2
0(Ω), sup

v∈L2(Ω)d

b(v, q)
‖v‖α

≥ ‖q‖α∗ . (2.9)

Proof: For any function q in H1(Ω)∩L2
0(Ω), taking v equal to α−1 grad q (which belongs

to L2(Ω)d) yields

b(v, q) =
L∑
`=1

1
α`

∫
Ω`

|(grad q)(x)|2 dx = ‖q‖2α∗ ,

and
‖v‖α = ‖q‖α∗ ,

whence the desired condition.

We are now in a position to prove the well-posedness of problem (2.3).

Theorem 2.3. For any data (f , g, k) in L2(Ω)d × L2(Ω) ×H− 1
2 (∂Ω), problem (2.3) has

a unique solution (u, p) in L2(Ω)d ×
(
H1(Ω) ∩ L2

0(Ω)
)
. Moreover, this solution satisfies

‖u‖α + ‖p‖α∗ ≤ c α
1
2
max (‖f‖L2(Ω)d + ‖g‖L2(Ω) + ‖k‖

H− 1
2 (∂Ω)

)
, (2.10)

where the constant c only depends on Ω.

Proof: We establish successively the existence and uniqueness of the solution.
1) It follows from the Lax–Milgram lemma, combined with Bramble–Hilbert inequality,
that there exists a unique µ in H1(Ω) ∩ L2

0(Ω) such that

∀ϕ ∈ H1(Ω)∩L2
0(Ω),∫
Ω

(gradµ)(x) · (gradϕ)(x) dx = −
∫

Ω

g(x)ϕ(x) dx+ 〈k, ϕ〉∂Ω.
(2.11)

Thus, the function ub = gradµ satisfies

‖ub‖α ≤ c α
1
2
max

(
‖g‖L2(Ω) + ‖k‖

H− 1
2 (∂Ω)

). (2.12)

On the other hand, it follows for the standard results on saddle-point problems, see [23,
Chap. I, Cor. 4.1], combined with (2.8) and (2.9), that the problem

Find (u0, p) in L2(Ω)d ×
(
H1(Ω) ∩ L2

0(Ω)
)

such that

∀v ∈ L2(Ω)d, aα(u0,v) + b(v, p) =
L∑
`=1

α`

∫
Ω`

f(x) · v(x) dx− aα(ub,v),

∀q ∈ H1(Ω) ∩ L2
0(Ω), b(u0, q) = 0,

(2.13)
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has a unique solution (u0, p) which moreover satisfies

‖u0‖α + ‖p‖α∗ ≤ 3
(
α

1
2
max ‖f‖L2(Ω)d + ‖ub‖α

)
. (2.14)

Then, the pair (u, p), with u = ub+u0, is a solution of problem (2.3), and estimate (2.10)
follows from (2.12) and (2.14).
2) Let (u, p) be a solution of problem (2.3) with data (f , g, k) equal to zero. Taking v
equal to u in (2.3) and using (2.8) yields that u is zero. Then, the fact that p is zero
follows fom (2.9). This proves the uniqueness of the solution (u, p).

Regularity properties

In the case where α is constant, the regularity properties of (u, p) are easily derived
from [3, §2.c] by taking the curl of the first equation in (2.1). This leads to the following
result.

Proposition 2.4. Let O be a subset of Ω such that α is constant in a neighbourhood of
O in Ω. Then, the mapping: (f , g, k) 7→ (u, p), where (u, p) is the solution of problem

(2.1), is continuous from Hs(Ω)d × L2(Ω)×Hs− 1
2 (Ω) into Hs(O)d ×Hs+1(O),

(i) for 0 ≤ s ≤ 1
2 in the general case,

(ii) for 0 ≤ s ≤ 1 when O is convex.

It follows from [17] that these results still hold with O replaced by O ∩ Ω`
(i) in dimension d = 2, when the Ω` are polygons and O does not contain any vertex of
the Ω`,
(ii) in dimension d = 3, when the Ω` are polyhedra and O neither contains a vertex of the
Ω` nor intersects an edge of the Ω`.
However the global regularity properties are weaker. The proof of the following statement
relies on an argument due to Meyers [26].

Proposition 2.5. There exists a real number sα, 0 < sα < 1
2 , such that the mapping:

(f , g, k) 7→ (u, p), where (u, p) is the solution of problem (2.1), is continuous from Hs(Ω)d×
L2(Ω)×Hs− 1

2 (Ω) into Hs(Ω)d ×Hs+1(Ω) for all s ≤ sα.

Proof: We use the same decomposition u = ub+u0 as in the proof of Theorem 2.3. Indeed,
it follows from the standard regularity properties of the Laplace equations with Neumann
boundary conditions, see [20] for instance, that the mapping: (g, k) 7→ ub = gradµ, where
µ is the solution of problem (2.11), is continuous from L2(Ω)×Hs− 1

2 (Ω) into Hs(Ω)d for
all s ≤ 1

2 . Next, setting F = α (f − ub), we observe that, since α is discontinuous and
when (f , g, k) belongs to Hs(Ω)d × L2(Ω) ×Hs− 1

2 (Ω) for some s, 0 ≤ s < 1
2 , F belongs

to Hs(Ω)d. Next, let T denote the operator which, with any data Φ in L2(Ω)d associates
the part T Φ = w of the solution (w, r) of the problem (note that α is replaced by the
constant 1 here)

Find (w, r) in L2(Ω)d ×
(
H1(Ω) ∩ L2

0(Ω)
)

such that

∀v ∈ L2(Ω)d, a1(w,v) + b(v, r) =
∫

Ω

Φ(x) · v(x) dx,

∀q ∈ H1(Ω) ∩ L2
0(Ω), b(w, q) = 0.

(2.15)
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It is readily checked that the solution (u0, p) of problem (2.13), satisfies

u0 + T
(
(1− α

αmax
)u0

)
= T F

αmax
. (2.16)

Next, we observe that:
1) The operator T is continuous from L2(Ω)d into itself with norm 1 (this results from
(2.8)) and, as stated in Proposition 2.4, from H

1
2 (Ω)d into itself with norm χ, hence from

Hs(Ω)d into itself with norm ≤ χ2s thanks to an interpolation argument.
2) For all s and 1 ≤ ` ≤ L, the operator: w 7→ (1 − α

αmax
)w is continuous from Hs(Ω`)d

into Hs(Ω`)d with norm smaller than 1− α`
αmax

, hence than 1− αmin
αmax

.
3) Since the norm of the extension by zero from Hs(Ω`) into Hs(Ω), 0 ≤ s < 1

2 , behaves
like c ( 1

2 − s)
− 3

4 (see [5]), the operator: w 7→ (1− α
αmax

)w is continuous from Hs(Ω)d into
Hs(Ω)d with norm ≤ c (1− αmin

αmax
) (1

2 − s)
− 3

4 .
So the operator which appears in the left-hand side of (2.16) is an isomorphism of Hs(Ω)d

(and the function u0 belongs to Hs(Ω)d) if

c χ2s (1− αmin

αmax
) (

1
2
− s)− 3

4 < 1.

Next, since u0 and F belong to Hs(Ω)d, p belongs to Hs+1(Ω).

It follows from the previous proof that the parameter sα in Proposition 2.5 satisfies

sα ≤ c | log(1− αmin

αmax
)|. (2.17)

So it tends to zero when the ratio αmin
αmax

tends to zero.
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3. The discrete problem and its well-posedness.

The mortar element discretization relies on the partition of Ω into the Ω`. From now
on, we make the further assumption that the Ω`, 1 ≤ ` ≤ L, are polygons in dimension
d = 2 or polyhedra with Lipschitz–continuous boundaries in dimension d = 3.

Let S be the skeleton of the decomposition

S =
L⋃
`=1

∂Ω` \ ∂Ω. (3.1)

As usual for the mortar element method, see [13, §2], we introduce a further decomposition
of S into disjoint open parts

S =
M⋃
m=1

γ +
m and γ+

m ∩ γ+
m′ = ∅, 1 ≤ m < m′ ≤M,

where each γ+
m is

• a part of an edge of an Ω`, denoted by Ω+
m, in dimension d = 2,

• a part of a face of an Ω`, denoted by Ω+
m, in dimension d = 3.

The choice of the γ+
m is not unique but is made independently of the discretization. For

any methematical object A defined on Ω, we agree to denote its restriction to Ω+
m by A+

m.

For each `, 1 ≤ ` ≤ L, we now introduce a regular family of triangulations (T`h)h` of
Ω`, in the standard sense that
(i) each T`h is the set of a finite number of closed triangles in dimension d = 2 or tetrahedra
in dimension d = 3 such that their union is equal to Ω`,
(ii) the intersection of two different elements of T`h, if not empty, is a vertex or a whole
edge or a whole face of both of them,
(iii) for all triangulations T`h, the ratio of the diameter hK of any element K of T`h to
the diameter of its inscribed circle (d = 2) or sphere (d = 3) is bounded by a constant σ
independent of h` and `.
As usual, h` denotes the maximum of the diameters of the elements of T`h.

The discretization parameter h is the L-tuple (h1, . . . , hL). From now on, c stands for
a generic constant which may vary from one line to the next one but is always independent
of h.

For each m, 1 ≤ m ≤ M , we agree to denote by T +
mh the triangulation T`h such that

Ω+
m coincides with Ω`. We make the further non restrictive assumption that, for each h,

each endpoint (d = 2) or boundary (d = 3) of a γ+
m is contained in the union of the ∂K,

K ∈ T +
mh. Thus, we define E+

mh as the set of edges (d = 2) or faces (d = 3) γ+
m ∩ ∂K, for

all K in T +
mh.

We now introduce the local discrete spaces. For each `, 1 ≤ ` ≤ L, the discrete space
of velocities X`h is simply

X`h =
{
vh ∈ L2(Ω`)d; ∀K ∈ T`h, vh|K ∈ P0(K)d

}
, (3.2)
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where, for each nonnegative integer k, Pk(K) denotes the space of restrictions to K of
polynomials with total degree ≤ k. The discrete space of pressure M`h is constructed from
the Crouzeix–Raviart finite element [18]. It is the space of functions qh in L2(Ω`) such
that their restrictions to each K in T`h belongs to P1(K) and which are continuous at the
midpoint of each edge (d = 2) or at the barycenter of each face (d = 3) of the elements of
T`h. Note that M`h is not contained in H1(Ω`), so that even each local discretization is
non conforming. Finally in order to enforce the matching conditions through S, we need
the space

W+
mh =

{
ϕh ∈ L2(γ+

m); ∀e ∈ E+
mh, ϕh|e ∈ P0(e)

}
, (3.3)

We refer to [24] and [30] for the same choice of spaces W+
mh in the framework of Crouzeix–

Raviart elements.

The “global” discrete space of velocities is now defined in an obvious way:

Xh =
{
vh ∈ L2(Ω)d; vh|Ω` ∈ X`h, 1 ≤ ` ≤ L

}
. (3.4)

According to the standard mortar element approach [11], we associate with each piecewise
regular function q its mortar function Φm(q): On each γ+

m and for each Ω` 6= Ω+
m, the

restriction of Φm(q) to γ+
m ∩ ∂Ω` is equal to the trace of q|Ω` . The “global” discrete space

of pressures is the space Mh of functions qh
(i) which belong to L2

0(Ω),
(ii) such that their restriction to each Ω`, 1 ≤ ` ≤ L, belongs to M`h,
(iii) such that the following matching condition holds on each γ+

m, 1 ≤ m ≤M ,

∀ϕh ∈W+
mh,

∫
γ+
m

(
qh|Ω+

m
− Φm(qh)

)
(τ )ϕh(τ ) dτ = 0, (3.5)

where τ denotes the tangential coordinate(s) on γ+
m (and more generally on all ∂Ω` and

∂K, K ∈ T`h). Note that the quantity qh|Ω+
m
−Φm(qh) represents the jump of qh through

γ+
m, so that its restriction to each e ∩ e′ is affine, where e runs through E+

mh and e′ is any
edge or face of an element of T`h such that Ω` ∩ γ+

m has a positive measure.

For simplicity, we now assume that the data k belong to L2(∂Ω). We consider the
discrete problem

Find (uh, ph) in Xh ×Mh such that

∀vh ∈ Xh, aα(uh,vh) + bh(vh, ph) =
L∑
`=1

α`

∫
Ω`

f(x) · vh(x) dx,

∀qh ∈Mh, bh(uh, qh) = −
∫

Ω

g(x)qh(x) dx+
∫
∂Ω

k(τ )qh(τ ) dτ ,

(3.6)

where the bilinear form aα(·, ·) is introduced in (2.4) and the h-dependent form bh(·, ·) is
defined by

bh(vh, qh) =
L∑
`=1

∑
K∈T`h

∫
K

vh(x) · (grad qh)(x) dx. (3.7)
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Remark 3.1. In the case where the data g and k are equal to zero, the arguments in [2,
Prop. 4.1] yield that, on each K which does not intersect S, problem (3.6) on this K is
equivalent to a very simple finite volume scheme and moreover that the discrete velocity
uh is exactly divergence–free on each Ω`. However the problem that we consider here is
more complex.

To check the well-posedness of problem (3.6), we must prove some properties of the
forms aα(·, ·) and bh(·, ·) on the discrete spaces. Since Xh is contained in L2(Ω)d, it is
readily checked that the form aα(·, ·) still satisfies the continuity property in (2.7) and
the ellipticity property (2.8) with L2(Ω)d replaced by Xh. We now introduce the α- and
h-dependent semi-norm

‖q‖α∗h =
( L∑
`=1

1
α`

∑
K∈T`h

|q|2H1(K)

) 1
2 . (3.8)

The key point here consists in proving that it is a norm on Mh. We need the following
assumption.

Assumption 3.2. For each `, 1 ≤ ` ≤ L, and each m, 1 ≤ m ≤ M , such that ∂Ω` ∩ γ+
m

has a positive measure in S, ∂Ω` contains an element of E+
mh.

Lemma 3.3. If Assumption 3.2 holds, for each h, the semi-norm ‖ · ‖α∗h is a norm on
Mh.

Proof: Let qh be an element of Mh such that ‖qh‖α∗h is zero. Then, qh is constant on
each element K of T`h, 1 ≤ ` ≤ L. Moreover, since the functions of M`h are continuous
at the midpoint of each edge (d = 2) or at the barycenter of each face (d = 3) of the
elements of T`h, qh is equal to a constant c` on each Ω`, 1 ≤ ` ≤ L. Now, for each m and
` such that ∂Ω` ∩ γ+

m has a positive measure, it follows from Assumption 3.2 that there
exists an element e of E+

mh contained in ∂Ω`∩γ+
m. Since the characteristic function of this e

belongs to W+
mh, applying the matching condition (3.5) with ϕh equal to this characteristic

function yields (with obvious notation for the c+m)

(c+m − c`) meas(e) = 0,

so that c` is equal to c+m. Then, since Ω is connected, all the c`, 1 ≤ ` ≤ L, are equal.
Finally, since qh is constant on the whole domain Ω and belongs to L2

0(Ω), it is zero, whence
the desired result.

Assumption 3.2 is not restrictive since it is satisfied when all the h` are small enough
and seems necessary for Lemma 3.3 to hold, see [16]. However, we need a stronger as-
sumption to obtain the next property which is an extension of a result due to Crouzeix
and Raviart [18]. Its proof relies on the same argument as in [2, Lemma 4.2] (see also
Brenner [16] for similar results in a more general framework).

Assumption 3.4. For each m, 1 ≤ m ≤ M , let E−mh be the set of the edges (d = 2) or
faces (d = 3) e of all triangulations T`h such that Ω` does not coincide with Ω+

m and that

9



the intersection e∩ γ+
m has a positive measure. There exists a mapping Ψm from E−mh into

E+
mh such that the matrix Am with coefficients

meas(Ψm(e) ∩ e′), e ∈ E−mh, e
′ ∈ E−mh,

is invertible.

Lemma 3.5. If Assumption 3.4 holds, there exists a constant c independent of h and α
such that

∀qh ∈Mh, ‖qh‖L2(Ω) ≤ c α
1
2
max ‖qh‖α∗h. (3.9)

Proof: For any qh in Mh, we recall that, since qh belongs to L2
0(Ω), the Laplace equation

with Neumann boundary conditions{
−∆ϕ = qh in Ω,
∂nϕ = 0 on ∂Ω,

has a unique solution ϕ in H1(Ω)∩L2
0(Ω) . Moreover, since Ω is a polygon or a polyhedron,

there exists [20] an ε > 0 such that this solution belongs to H
3
2 +ε(Ω) and satisfies

‖ϕ‖
H

3
2 +ε(Ω)

≤ c ‖qh‖L2(Ω). (3.10)

Next, integrating by parts on each K of each T`h, we obtain

‖qh‖2L2(Ω) = −
∫

Ω

(∆ϕ)(x)qh(x) dx

=
L∑
`=1

∑
K∈T`h

(∫
K

(grad ϕ)(x) · (grad qh)(x) dx+
1
2

∫
∂K∩Ω`

(∂nϕ)(τ )[qh]∂K(τ ) dτ
)

+
∫
S

(∂nϕ)(τ )[qh]S(τ ) dτ ,

where for each curve (d = 2) or surface (d = 3) C contained in Ω, [·]C denotes the jump
through C (with appropriate sign). We now estimate successively the three terms in the
right-hand side.
1) On each K, we have

|
∫
K

(grad ϕ)(x) · (grad qh)(x) dx| ≤ ‖gradϕ‖L2(K)d‖grad qh‖L2(K)d

≤ ‖ϕ‖
H

3
2 +ε(K)

‖grad qh‖L2(K)d ,

whence, thanks to a Cauchy–Schwarz inequality,

L∑
`=1

∑
K∈T`h

|
∫
K

(grad ϕ)(x) · (grad qh)(x) dx| ≤ α
1
2
max ‖ϕ‖

H
3
2 +ε(Ω)

‖qh‖α∗h. (3.11)
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2) On each edge or face e shared by two triangles K and K ′ of a T`h, it follows from the
definition of the space M`h that qh|K and qh|K′ have the same mean value on e, that we
denote by qe. Thus, we have

|
∫
e

(∂nϕ)(τ )[qh]∂K(τ ) dτ | ≤ |
∫
e

(∂nϕ)(τ )(qh|K − qe)(τ ) dτ |

+ |
∫
e

(∂nϕ)(τ )(qh|K′ − qe)(τ ) dτ |.

Next, using an affine function which maps a reference element K̂ onto K and an edge or
face ê of K̂ onto e, we have with standard notation

|
∫
e

(∂nϕ)(τ )(qh|K − qe)(τ ) dτ | ≤ c hd−1
K h−1

K ‖grad ϕ̂‖L2(ê)d‖q̂h|K̂ − qe‖L2(ê).

Combining the trace theorem and a Bramble–Hilbert type inequality (note that qe is also
the mean value of q̂h|K̂ on ê) leads to

|
∫
e

(∂nϕ)(τ )(qh|K − qe)(τ ) dτ | ≤ c hd−2
K ‖grad ϕ̂‖

H
1
2 +ε(K̂)d

|q̂h|K̂ |H1(K̂).

Then, going back to K gives

|
∫
e

(∂nϕ)(τ )(qh|K − qe)(τ ) dτ | ≤ c hd−2
K (h1− d2

K )2 ‖ϕ‖
H

3
2 +ε(K)

|qh|K |H1(K).

We use a similar argument with K replaced by K ′. Then, summing on the e contained in
∂K ∩ Ω`, next on the K, next on the `, we derive

L∑
`=1

∑
K∈T`h

|
∫
∂K∩Ω`

(∂nϕ)(τ )[qh]∂K(τ ) dτ | ≤ c α
1
2
max ‖ϕ‖

H
3
2 +ε(Ω)

‖qh‖α∗h. (3.12)

3) For each m, let π+
mh denote the orthogonal projection operator from L2(γ+

m) onto W+
mh.

It follows from condition (3.5) that, for any q+
m in W+

mh,∫
γ+
m

(∂nϕ)(τ )[qh]γ+
m

(τ ) dτ =
∫
γ+
m

(
∂nϕ− π+

mh(∂nϕ)
)
(τ )[qh]γ+

m
(τ ) dτ

=
∫
γ+
m

(
∂nϕ− π+

mh(∂nϕ)
)
(τ )([qh]γ+

m
− q+

m)(τ ) dτ ,

whence
|
∫
γ+
m

(∂nϕ)(τ )[qh]γ+
m

(τ ) dτ | ≤ ‖∂nϕ‖L2(γ+
m)‖[qh]γ+

m
− q+

m‖L2(γ+
m).

The first term in the right-hand side is simply bounded by using the trace theorem. On
the other hand, since [qh]γ+

m
is equal to qh|Ω+

m
− Φm(qh) up to the sign, we take q+

m equal
to π+

mhqh|Ω+
m
− q̃+

m, where q̃+
m is equal to the linear combination

∑
e∈E−

mh
µe χΨm(e) of the

characteristic functions χΨm(e) of the Ψm(e) and the µe are such that

∀e′ ∈ E−mh,
∫
e′
q̃+
m(τ ) dτ =

∫
e′

Φm(qh)(τ ) dτ .

11



Note that the existence and uniqueness of the µe satisfying the previous system is a con-
sequence of Assumption 3.4. With this choice, it is readily checked that qh|Ω+

m
−π+

mhqh|Ω+
m

has a null mean value on each element e of E+
mh and that Φm(qh)− q̃+

m has a null mean value
on each element e′ of E−mh. So going to a reference element for all these e and applying a
generalized Bramble–Hilbert inequality lead to

‖[qh]γ+
m
− q+

m‖L2(γ+
m) ≤ c

(∑
K

hK |qh|2H1(K)

) 1
2 , (3.13)

where the previous sum is taken on all K which have an edge (d = 2) or a face (d = 3) in
E+
mh ∪ E

−
mh. Combining all this yields

|
∫
S

(∂nϕ)(τ )[qh]S(τ ) dτ | ≤ c α
1
2
max ‖ϕ‖

H
3
2 +ε(Ω)

‖qh‖α∗h. (3.14)

Inserting (3.11), (3.12) and (3.14) where needed and combining this wth (3.10) yields the
desired estimate (3.9).

Note that property (3.9) holds with weaker assumptions than Assumption 3.4 for
simple geometries (for instance, in the case of a decomposition into L = 2 subdomains)
but that Assumption 3.4 seems necessary for handling all possible decompositions (see [16]
for slightly stronger conditions). This assumption essentially means that each triangulation
T +
mh is finer than the other side triangulations. It is satisfied for instance

(i) when all Ψm(e), e ∈ E−mh, are contained in e (indeed, in this case, the matrix Am is
diagonal with positive diagonal coefficients),
(ii) when, for all e ∈ E−mh, the following condition holds

meas(Ψm(e) ∩ e) > 1
2

meas(e)

(indeed, in this case, the matrix Am is diagonally-dominant).
But it allows for handling other situations. We also need the following result.

Lemma 3.6. If Assumption 3.4 holds, for each t, 0 ≤ t < 1
2 , there exists a constant c

independent of h and α such that

∀qh ∈Mh,
L∑
`=1

‖qh‖Ht(∂Ω`) ≤ c α
1
2
max ‖qh‖α∗h. (3.15)

Proof: As a simple extension of the result proved in [9, Prop. a.1], we have

‖qh‖Ht(∂Ω`) ≤ c
(
‖qh‖L2(Ω`)+

( ∑
K∈T`h

|q|2H1(K)

) 1
2
)
.

Combining this result with Lemma 3.5 yields (3.15).

From now on, we work with the norm ‖ · ‖α∗h. The following continuity property is
obvious:

∀vh ∈ Xh,∀qh ∈Mh, bh(vh, qh) ≤ ‖vh‖α ‖qh‖α∗h. (3.16)
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Moreover, we note that, for any qh in Mh, the function vh defined by

∀K ∈ T`h, vh|K = α−1
` grad (qh|K), 1 ≤ ` ≤ L, (3.17)

belongs to Xh. So the following inf-sup condition is derived by exactly the same arguments
as for Lemma 2.2, i.e. by taking vh as in (3.17).

Lemma 3.7. The form bh(·, ·) satisfies the inf-sup condition

∀qh ∈Mh, sup
vh∈Xh

bh(vh, qh)
‖vh‖α

≥ ‖qh‖α∗h. (3.18)

We now prove the main result of this section.

Theorem 3.8. If Assumption 3.2 holds, for any data (f , g, k) in L2(Ω)d×L2(Ω)×L2(∂Ω),
problem (3.6) has a unique solution (uh, ph) in Xh ×Mh. Moreover, if Assumption 3.4
holds, this solution satisfies

‖uh‖α + ‖ph‖α∗h ≤ c α
1
2
max (‖f‖L2(Ω)d + ‖g‖L2(Ω) + ‖k‖L2(∂Ω)

)
, (3.19)

where the constant c only depends on the Ω`.

Proof: Thanks to the inf-sup condition (3.18), there exists a function uhb in Xh such that

∀qh ∈Mh, bh(uhb, qh) = −
∫

Ω

g(x)qh(x) dx+
∫
∂Ω

k(τ )qh(τ ) dτ ,

and moreover

‖uhb‖α ≤ sup
qh∈Mh

−
∫

Ω
g(x)qh(x) dx+

∫
∂Ω
k(τ )qh(τ ) dτ

‖qh‖α∗h
.

By using Cauchy–Schwarz inequalities, combined with Lemmas 3.5 and 3.6 (with t = 0),
we obtain if Assumption A.4 holds

‖uhb‖α ≤ c α
1
2
max (‖g‖L2(Ω) + ‖k‖L2(∂Ω)

)
. (3.20)

On the other hand, it follows from the ellipticity property (2.8) and the inf-sup condition
(3.18) that the problem

Find (uh0, ph) in Xh ×Mh such that

∀vh ∈ Xh, aα(uh0,vh) + bh(vh, ph) =
L∑
`=1

α`

∫
Ω`

f(x) · vh(x) dx− aα(uhb,vh),

∀qh ∈Mh, bh(uh0, qh) = 0,

has a unique solution (uh0, ph) which moreover satisfies

‖uh0‖α + ‖ph‖α∗h ≤ c
(
α

1
2
max ‖f‖L2(Ω)d + ‖uhb‖α

)
. (3.21)

The pair (uh = uhb + uh0, ph) is a solution of problem (3.6), and estimate (3.19) is
derived from (3.20) and (3.21) when Assumption 3.4 holds. Moreover, since problem (3.6)
is equivalent to a square linear system, the uniqueness of the solution follows from the
previous existence result.

In the next sections and without restriction, we always suppose that Assumption 3.2
holds.
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4. A priori error estimates.

It follows from the imbedding of Xh into L2(Ω)d that the first line of problem (2.3)
is still satisfied with v replaced by any function vh of Xh. In contrast, starting from the
second line in (2.1), multiplying by a function qh and integrating by parts on each element
K of each T`h, we obtain∫

K

g(x)qh(x) dx = −
∫
K

u(x) · (grad qh)(x) dx+
∫
∂K

(u · n)(τ )qh(τ ) dτ , (4.1)

where n is the unit outward normal vector to K on ∂K. Note that the last integral is
a priori not defined and must be replaced by a duality pairing, however for simplicity we
assume that u · n belongs to L2(∂K), as will be made precise later on. In order to sum
this equation on the K, we need some notation:
(i) For each `, E`h stands for the set of edges (d = 2) or faces (d = 3) of elements of T`h
which are not contained in ∂Ω`;
(ii) If n stands for the unit normal vector to an e in E`h directed from an element K of
T`h to another element K ′, we agree to denote by [qh]e the jump qh|K′ − qh|K ;
(iii) Finally, if n stands for the unit normal vector to S directed from a subdomain Ω` to
another subdomain Ω`′ , we denote by [qh]S the jump qh|Ω`′ − qh|Ω` .
Indeed, with this notation, we derive from (4.1) the following equation

∀qh ∈Mh, bh(u, qh) = −
∫

Ω

g(x)qh(x) dx+
∫
∂Ω

k(τ )qh(τ ) dτ

−
L∑
`=1

∑
e∈E`h

∫
e

(u · n)(τ )[qh]e(τ ) dτ −
∫
S

(u · n)(τ )[qh]S(τ ) dτ .
(4.2)

We are now in a position to prove the following version of Strang’s lemma.

Lemma 4.1. The following error estimate holds between the solution (u, p) of problem
(2.3) and the solution (uh, ph) of problem (3.6)

‖u−uh‖α + ‖p− ph‖α∗h ≤ c
(

inf
wh∈Xh

‖u−wh‖α + inf
rh∈Mh

‖p− rh‖α∗h +Ech +Ecm
)
, (4.3)

where the quantities Ech and Ecm are defined by

Ech = sup
qh∈Mh

∑L
`=1

∑
e∈E`h

∫
e
(u · n)(τ )[qh]e(τ ) dτ
‖qh‖α∗h

,

Ecm = sup
qh∈Mh

∫
S(u · n)(τ )[qh]S(τ ) dτ .

‖qh‖α∗h
.

(4.4)

Proof: For any pair (wh, rh) in Xh ×Mh, we set: euh = uh − wh and eph = ph − rh.
Thus,we derive from problem (3.6), the first line of problem (2.3) and (4.2) that

∀vh ∈ Xh, aα(euh,vh) + bh(vh, e
p
h) = aα(u−wh,vh) + bh(vh, p− rh),

∀qh ∈Mh, bh(euh, qh) = bh(u−wh, qh) +
L∑
`=1

∑
e∈E`h

∫
e

(u · n)(τ )[qh]e(τ ) dτ

+
∫
S

(u · n)(τ )[qh]S(τ ) dτ .
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Taking vh defined by

∀K ∈ T`h, vh = euh +
1
α`

grad eph|K , 1 ≤ ` ≤ L,

in the first equation of this problem and using the second equation with qh replaced by eph
lead to the estimate

‖euh‖α + ‖eph‖α∗h ≤ c
(
‖u−wh‖α + ‖p− rh‖α∗h + Ech + Ecm),

We conclude thanks to a triangle inequality.

The first two terms in the right-hand side of (4.3) represent the approximation errors
while the terms Ech and Ecm represent the consistency errors issued from the use of noncon-
forming finite elements and from the mortar discretization, respectively. We first evaluate
the approximation errors.

Estimating the approximation error in Xh is derived simply by taking wh equal to
the mean value of u on each K of each T`h.

Lemma 4.2. Assume that the solution (u, p) of problem (2.3) is such that each u|Ω` ,

1 ≤ ` ≤ L, belongs to Hs(Ω`)d for a real number s, 0 ≤ s ≤ 1. The following estimate
holds

inf
wh∈Xh

‖u−wh‖α ≤ c
( L∑
`=1

α`h
2s
` ‖u‖2Hs(Ω`)d

) 1
2 . (4.5)

Estimating the approximation error in Mh is more complex. However, in contrast with
most mortar element discretizations, see [11] and [13], it is not more difficult in dimension
d = 3 than in dimension d = 2.

Lemma 4.3. Assume that the solution (u, p) of problem (2.3) is such that each p|Ω` ,
1 ≤ ` ≤ L, belongs to Hs+1(Ω`) for a real number s, 0 ≤ s ≤ 1. The following estimate
holds

inf
rh∈Mh

‖p− rh‖α∗h ≤ c (1 + λh)
1
2
( L∑
`=1

α−1
` h2s

` ‖p‖2Hs+1(Ω`)

) 1
2 , (4.6)

where the quantity λh is defined by

h+
m = min

K∈T +
mh

,meas(∂K∩γ+
m)>0

hK , λh = sup
1≤m≤M

sup
meas(∂Ω`∩γ+

m)>0

α` h`

α+
m h

+
m

. (4.7)

.

Proof: The function rh is constructed in three steps.
1) It can be noted that, for each `, the discrete space (which relies on standard Lagrange
finite elements)

Y`h =
{
qh ∈ H1(Ω`); ∀K ∈ T`h, qh|K ∈ P1(K)d

}
,
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is contained in X`h. So we define r]h in the following way: for each `, the restriction of
r]h to each Ω` is equal to the image of p by a Clément type regularization operator with
values in Y`h, as studied for instance in [12, §IX.3]. Indeed, it follows from [12, Th. IX.3.8
& Cor. IX.3.9] that

‖p− r]h‖α∗h ≤ c
( L∑
`=1

α−1
` h2s

` ‖p‖2Hs+1(Ω`)

) 1
2 , (4.8)

and also that, for 1 ≤ ` ≤ L,

‖p− r]h‖L2(∂Ω`) ≤ h
s+ 1

2
` ‖p‖Hs+1(Ω`). (4.9)

2) We define the following lifting operator Lm from W+
mh into M+

mh (i.e. the space M`h

such that Ω` is equal to Ω+
m): for each ϕh in W+

mh, Lmϕh is equal to zero on all elements
of T +

mh such that meas(∂K ∩ γ+
m) is equal to zero and to (1− dλe)ϕh|e on all elements K

of T +
mh which have an edge (d = 2) or face (d = 3) e contained in γ +

m , where λe denotes
the barycentric coordinate on K associated with the vertex of K which does not belong to
γ +
m . It must be noted that the function Lmϕh vanishes at all midpoints of edges (d = 2) or

barycenters of faces (d = 3) of elements K of T +
mh which are inside Ω+

m, so that it belongs
to X+

mh. Extending this operator by zero outside of Ω
+

m, we now take

r[h =
M∑
m=1

Lm ◦ π+
mh

(
Φm(r]h)− r]

h|Ω+
m

)
.

Let ϕh be a function of W+
mh. On each K in T +

mh such that Lmϕh is not zero, we observe
that

|Lmϕh|H1(K) = |ϕh|K∩γ+
m
| |1− dλe|H1(K) ≤ c h

d
2−1

K |ϕh|K∩γ+
m
|,

so that, since |ϕh|K∩γ+
m
| is a constant,

|Lmϕh|H1(K) ≤ c h
− 1

2
K ‖ϕh‖L2(K∩γ+

m).

Summing the square of this inequality on the K and using the fact that the norm of π+
m

as an endomorphism of L2(γ+
m) is ≤ 1 lead to the estimate

‖r[h‖α∗h ≤ c
( M∑
m=1

(α+
m h

+
m)−1

(
‖p− r]

h|Ω+
m
‖2
L2(γ+

m)
+ ‖Φm(p− r]h)‖2

L2(γ+
m)

) 1
2
.

Combining this with estimate (4.9) gives

‖r[h‖α∗h ≤ c (1 + λh)
1
2

( L∑
`=1

α−1
` h2s

` ‖p‖2Hs+1(Ω`)

) 1
2 . (4.10)

3) Finally, we take r\h defined by

r\h = − 1
meas(Ω)

∫
Ω

(r]h + r[h)(x) dx.
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Of course, we have
‖r\h‖α∗h = 0. (4.11)

To conclude, we note that the function rh = r]h + r[h + r\h belongs to L2
0(Ω) and that its

restriction to each Ω`, 1 ≤ ` ≤ L, belongs to M`h. Moreover, its jump through each γ+
m,

1 ≤ m ≤M , is equal to (id− π+
mh)

(
r]
h|Ω+

m
−Φm(r]h)

)
, hence is orthogonal to W+

mh, so that

the matching condition (3.5) is satisfied. As a consequence, the function rh belongs to Mh,
and estimate (4.6) follows from (4.8), (4.10) and (4.11).

We now evaluate successively the two consistency errors.

Lemma 4.4. Assume that the solution (u, p) of problem (2.3) is such that each u|Ω` ,

1 ≤ ` ≤ L, belongs to Hs(Ω`)d for a real number s, 1
2 < s ≤ 1. The following estimate

holds

Ech ≤
( L∑
`=1

α`h
2s
` ‖u‖2Hs(Ω`)d

) 1
2 . (4.12)

Proof: Let e be an element of E`h. The assumption of the lemma yields that u · n
belongs to Hs− 1

2 (e). So let χe be the mean value of u · n on e. We also observe from the
definition of the Crouzeix–Raviart finite element, see [18], that, if K and K ′ denote the
two elements of T`h that share e, qh|K and qh|K′ have a common mean value on e, which
we denote by qe. Thus, we obtain∫
e

(u · n)(τ )[qh]e(τ ) dτ =
∫
e

(u · n−χe)(τ )[qh]e(τ ) dτ =
∫
e

(u · n−χe)(τ )[qh−qe]e(τ ) dτ ,

whence

|
∫
e

(u · n)(τ )[qh]e(τ ) dτ | ≤ ‖u · n− χe‖L2(e)

(
‖qh|K − qe‖L2(e) + ‖qh|K′ − qe‖L2(e)

)
.

In order to bound the first term, we use the affine mapping which sends a reference element
K̂ onto K and one of its edges or faces ê onto e. Noting that n is constant on e and defining
χ as equal to u · n on K for this constant vector n, we have with obvious notation

‖u · n− χe‖L2(e) ≤ c h
d−1

2
K ‖χ̂− χe‖L2(ê).

Then, using the trace theorem and a Bramble–Hilbert inequality gives

‖u · n− χe‖L2(e) ≤ c h
d−1

2
K |χ̂|Hs(K̂) ≤ c

′ h
s− 1

2
K ‖χ‖Hs(K) ≤ c′ h

s− 1
2

K ‖u‖Hs(K)d .

On the other hand, using again a Bramble–Hilbert inequality, we have

‖qh|K − qe‖L2(e) ≤ c h
d−1

2
K ‖q̂h|K − qe‖L2(ê) ≤ c h

d−1
2

K |q̂h|K |H1(K̂),

whence
‖qh|K − qe‖L2(e) ≤ c h

1
2
K |qh|H1(K),
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and a similar inequality holds with K replaced by K ′. Note also that the ration hK
hK′

is
bounded independently of h. Combining all this, summing on the e, next on the `, and
using a Cauchy–Schwarz inequality leads to the desired estimate.

The proof of the next lemma requires the orthogonal projection operator π+
mh from

L2(γ+
m) onto W+

mh, already introduced in the proof of Lemma 3.5. We denote by h+
m the

h` such that Ω+
m is equal to Ω`.

Lemma 4.5. Assume that the solution (u, p) of problem (2.3) is such that each u|Ω+
m

,

1 ≤ m ≤ M , belongs to Hs(Ω+
m)d for a real number s, 1

2 < s ≤ 1. If Assumption 3.4 is
satisfied, the following estimate holds

Ecm ≤ c (1 + λh)
1
2
( M∑
m=1

α+
m(h+

m)2s ‖u‖2
Hs(Ω+

m)d

) 1
2 , (4.13)

where the quantity λh is defined in (4.7).

Proof: For each m, we have for any q+
m in W+

mh,∫
γ+
m

(u · n)(τ )[qh]γ+
m

(τ ) dτ =
∫
γ+
m

(
u · n− π+

mh(u · n)
)
(τ ) ([qh]γ+

m
− q+

m)(τ ) dτ ,

whence

|
∫
γ+
m

(u · n)(τ )[qh]γ+
m

(τ ) dτ | ≤ ‖u · n− π+
mh(u · n)‖L2(γ+

m)‖[qh]γ+
m
− q+

m‖L2(γ+
m).

Standard arguments, combined with the trace theorem, yield that

‖u · n− π+
mh(u · n)‖L2(γ+

m) ≤ (h+
m)s−

1
2 ‖u‖Hs(Ω+

m)d ,

while the term ‖[qh]γ+
m
− q+

m‖L2(γ+
m) is bounded in (3.13). Combining these estimates gives

the desired result.

Inserting the results of Lemmas 4.2 to 4.5 into (4.3) leads to the a priori error estimate.

Theorem 4.6. Assume that the solution (u, p) of problem (2.3) is such that each
(u|Ω` , p|Ω`), 1 ≤ ` ≤ L, belongs to Hs(Ω`)d ×Hs+1(Ω`) for a real number s, 1

2 < s ≤ 1. If
Assumption 3.4 is satisfied, the following a priori error estimate holds between this solution
and the solution (uh, ph) of problem (3.6)

‖u−uh‖α+‖p−ph‖α∗h ≤ c (1+λh)
1
2

( L∑
`=1

h2s
` (α`‖u‖2Hs(Ω`)d+α−1

` ‖p‖
2
Hs+1(Ω`)

)
) 1

2 , (4.14)

where the quantity λh is defined in (4.7).

Estimate (4.14) is fully optimal when the quantity λh is bounded independently of h,
and the triangulations T`h can be chosen appropriately for this. Moreover, when combined
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with (3.19), it ensures the convergence of the method without any regularity assumption
on the solution and only a non restrictive assumption on the family of triangulations. We
set:

|h| = max
1≤`≤L

h`. (4.15)

Corollary 4.7. If Assumption 3.4 is satisfied and

lim
|h|→0

|h|3

inf1≤m≤M h+
m

= 0, (4.16)

the following convergence property holds between the solution (u, p) of problem (2.3) and
the solution (uh, ph) of problem (3.6)

lim
|h|→0

(
‖u− uh‖α + ‖p− ph‖α∗h

)
= 0. (4.17)
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5. A posteriori error estimates.

Proving optimal a posteriori estimates is rather technical in the case of nonconforming
discretizations. For simplicity, we consider throughout this Section the case where the data
g and k are zero, indeed the residual equations are much more easy to write in this case.

For 1 ≤ ` ≤ L, let Eb`h and ES`h denote the set of edges (d = 2) or faces (d = 3) of all
elements of T`h which are contained in ∂Ω and in S, respectively. The union of all Eb`h,
1 ≤ ` ≤ L, is denoted by Ebh, and the union of all ES`h, 1 ≤ ` ≤ L, is denoted by ESh . We
recall that the E`h, defined at the beginning of Section 4, are the set of edges (d = 2) or
faces (d = 3) of all elements of T`h which are not contained in ∂Ω`. We also introduce the
set Eh equal to the union of the E`h and of the ES`h, 1 ≤ ` ≤ L. The jump through each e
in Eh and also through S is defined at the beginning of Section 4.

For each e in Eh, we define α(e) as equal
• to α` for the domain Ω` such that e is contained in Ω` if e belongs to Eh \ ESh ,
• to α` for the domain Ω` such that e ∩ Ω` belongs to a E−mh, Ω` 6= Ω+

m,
• to α+

m when e belongs to a E+
mh.

Note that, in the case of conforming meshes, an edge or face e can belong to E−mh ∩ E
+
mh,

and that, in this case, two different values of α(e) can be associated with it.

Finally, we introduce the “characteristic” function χ− of S

∀e ∈ Eh, χ−(e) =
{

1 if e ∈ ∪Mm=1E−mh,
0 otherwise.

(5.1)

Thus, we are in a position to introduce the error indicators associated with each e in Eh:

ηe = α(e)−
1
2 h
− 1

2
e ‖ [ph]e‖L2(e) + χ−(e)α(e)

1
2 h

1
2
e ‖[uh · n]e‖L2(e). (5.2)

We first write the residual equations associated with the discretization proposed in
Section 3. It requires the orthogonal projection operator Πh from L2(Ω)d onto Xh. We
also observe [18] that, for 1 ≤ ` ≤ L, a basis of M`h is made of the following functions ϕe,
e ∈ Eb`h ∪ES`h ∪E`h: Each function ϕe belongs to M`h and has its integral equal to meas(e)
on e and to zero on all other elements of Eb`h ∪ ES`h ∪ E`h. The support of ϕe is either one
element K or the union of two elements K of T`h and, on each element K, ϕe is equal to
1−d λe, where λe denotes the barycentric coordinate associated with the vertex of K that
does not belong to e (so that ϕe is equal to 1 on e).

Lemma 5.1. The following residual equations are satisfied by the solution (uh, ph) of
problem (3.6)

∀v ∈ L2(Ω)d, aα(u− uh,v) + bh(v, p− ph)

=
L∑
`=1

α`

∫
Ω`

(f −Πhf)(x) · v(x) dx,

∀q ∈ H1(Ω) ∩ L2
0(Ω), b(u− uh, q) =

∫
S

[uh · n]S(τ )q(τ ) dτ .

(5.3)
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Proof: We prove successively the two equations in (5.3).
1) For each K in T`h, taking vh in (3.6) equal to the characteristic function of K multiplied
by any vector of the canonical basis of Rd gives

α` uh|K meas(K) + (grad ph)|K meas(K) = α`

∫
K

f(x) dx.

Thanks to the definition of Πh, this yields

α` uh|K + (grad ph)|K = α` (Πhf)|K . (5.4)

Multiphlying this equation by v and summing on the K, next on the `, lead to the first
equation of (5.3).
2) First, for all e in Eb`h, the function ϕe has its support equal to the element K of T`h that
contains e. Taking qh equal to this ϕe in (3.6) yields

0 = b(uh, ϕe) =
∫
K

uh(x) · (gradϕe)(x) dx =
∫
∂K

(uh · n)(τ )ϕe(τ ) dτ .

Since uh · n is constant on each edge of K, it follows from the definition of ϕe that uh · n
vanishes on e, whence

uh · n = 0 on ∂Ω. (5.5)

Similarly, if e now denotes any element of E`h shared by two elements K and K ′ of T`h
(i.e. not contained in S), taking qh equal to the corresponding ϕe in (3.6) gives

0 = b(uh, ϕe) =
∫
K

uh(x) · (gradϕe)(x) dx+
∫
K′
uh(x) · (gradϕe)(x) dx

= [uh · n]e
∫
e

ϕe(τ ) dτ ,

whence
∀e ∈ Eh \ ESh , [uh · n]e = 0. (5.6)

Then, we have

b(u− uh, q) = −b(uh, q) = −
L∑
`=1

∑
K∈T`h

∫
∂K

(uh · n)(τ ) q(τ ) dτ .

It follows from (5.5) and (5.6) that

b(u− uh, q) = −
L∑
`=1

∑
K∈T`h

∫
∂K∩S

(uh · n)(τ ) q(τ ) dτ ,

whence the second equation of (5.3).

In order to obtain optimal estimates, we make a further assumption which makes use
of the notation introduced in Assumption 3.4 but is clearly stronger.
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Assumption 5.2. For each m, 1 ≤ m ≤ M , each element of E−mh is the union of a finite
number of whole elements of E+

mh, this number being smaller than an integer N indepedent
of m and h.

γ+
m

a e+

e−

K+

K−

γ+
m

K

K ′
K̃ ′ e′
e γ+

m

1

Figure 1

Figure 1 presents an example of mesh where Assumption 5.2 holds around a γ+
m. It is

explained in Section 6 why it is easy to satisfy it in the context of mesh adaptivity. This
assumption is needed to prove the next two lemmas.

Lemma 5.3. If Assumption 5.2 is satisfied, the following property holds for each m,
1 ≤ m ≤M ,

∀e ∈ E−mh,
∫
e

[uh · n]e(τ ) dτ = 0. (5.7)

Proof: Thanks to Assumption 5.2, any e in E−mh is the union of elements e1, . . . , eI in
E+
mh. So the function ϕ̃e equal to

∑I
i=1 ϕei on Ω+

m and to ϕe on the Ω` such that e is
contained in ∂Ω` and Ω` 6= Ω+

m, belongs to Mh and is equal to 1 on e. Taking qh equal to
this function in the second line of problem (3.6) yields

0 = b(uh, ϕ̃e) =
L∑
`=1

∑
K∈T`h

∫
∂K

(uh · n)(τ ) ϕ̃e(τ ) dτ .

Thanks to the choice of ϕ̃e, this gives

0 =
∫
e

(uh · n)(τ ) dτ +
I∑
i=1

∫
ei

(uh · n)(τ ) dτ ,

whence the desired result.

The second lemma is an extension of a result proved in [2]. It involves the spaces

M∗h =
{
qh ∈ H1(Ω); ∀K ∈ T`h, qh|K ∈ P1(K), 1 ≤ ` ≤ L

}
, (5.8)

and
W ∗h =

{
ϕh ∈ H1(S); ∀e ∈ E−mh, ;ϕh|e ∈ P1(e), 1 ≤ m ≤M

}
. (5.9)

Indeed, an idea for avoiding saturation assumptions in the case of nonconforming dis-
cretizations consists in introducing a conforming approximation, i.e. an approximation in
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M∗h , of the discrete pressure ph. Let V be the set of all vertices of the elements of T`h,
1 ≤ ` ≤ L. For all a in V, we denote by Ea the set of all e of Eh ∪ Ebh such that a is an
endpoint (d = 2) or a vertex (d = 3) of e.

Lemma 5.4. If Assumption 5.2 is satisfied, there exists a function p∗h in M∗h such that

‖ph − p∗h‖α∗h ≤ c µh
( ∑
e∈Eh

α(e)−1h−1
e ‖[ph]e‖2L2(e)

) 1
2 , (5.10)

where the quantity µh is defined by

µh = sup
a∈V∩S

sup
(e,e′)∈Ea×Ea

α(e)−
1
2 h

d
2−1
e

α(e′)−
1
2 h

d
2−1

e′

. (5.11)

Proof: Let V+ denote the subset of V made of the vertices of the elements of T +
mh which

are interior to an element of E−mh, 1 ≤ m ≤ M . With each a in V \ V+, we associate the
set Ta of elements of all T`h that contain a and we denote by ](Ta) the number of elements
of Ta. We define the function p∗h by its values at all nodes a of V, first by taking

∀a ∈ V \ V+, p∗h(a) =
1

](Ta)

∑
K∈Ta

ph|K(a),

second, by introducing the function ϕh of W ∗h equal to p∗h(a) at each node a of V \ V+

which belongs to S, third by taking

∀a ∈ V+, p∗h(a) = ϕh(a).

The function p∗h is then continuous through each e in E−mh, 1 ≤ m ≤ M , hence belongs
to M∗h . To evaluate ‖ph − p∗h‖α∗h, we observe that, on each element K of a T`h, if ai,
1 ≤ i ≤ d+ 1, denote the vertices of K and λi the barycentric coordinate associated with
each ai,

|ph − p∗h|H1(K) ≤
d+1∑
i=1

|(ph − p∗h)(ai)| |λi|H1(K),

whence, by going to a reference element,

|ph − p∗h|H1(K) ≤
d+1∑
i=1

h
d
2−1

K |(ph − p∗h)(ai)|. (5.12)

W evaluate the |(ph − p∗h)(a)| in two steps.
1) If a belongs to V \ V+, there exists a constant c only depending on the regularity
parameter σ of the family of triangulations such that

|(ph − p∗h)(a)| ≤ c
∑
e∈Ea

|[ph]e(a)|.
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By using a standard inverse inequality [12, Chap. VII, Prop. 4.1], this gives

|(ph − p∗h)(a)| ≤ c
∑
e∈Ea

h
− d−1

2
e ‖[ph]e‖L2(e). (5.13)

a e+

e−

K+

K−

γ+
m

1

Figure 2

2) If a belongs to V+, a is an endpoint or vertex of an element of a E+
mh, denoted by e+,

and is inside an element of E−mh, denoted by e−. We also introduce, with obvious notation,
the element K+ and K− of T +

hm and another T`h such that e+ and e− are edges or faces
of K+ and K−, respectively (see Figure 2). For any K of T +

mh such that a is a vertex of
K, we have in an obvious way

|(ph|K − p∗h)(a)| ≤ c
∑

e∈Ea,e⊂Ω
+
m

|[ph]e(a)|+ |(ph|K+ − p∗h)(a)|.

To bound the first term, we use the same inverse inequality as above. To bound the second
term, we write

|(ph|K+ − p∗h)(a)| ≤ |(ph|K+ − ph|K−)(a)|+ |(ph|K− − p∗h)(a)|,

again use the previous inverse inequality and note that, if a−j , 1 ≤ j ≤ d, are the vertices
of e−, since ph|K− − p∗h is affine on e−,

|(ph|K− − p∗h)(a)| ≤ max
1≤j≤d

|(ph|K− − p∗h)(a−j )|.

Moreover, since the a−j belong to V \ V+, the quantity |(ph|K− − p∗h)(a−j )| is estimated in
(5.13). Combining all this gives

|(ph − p∗h)(a)| ≤ c
∑

e∈Ea∪Ea1∪···∪Ead

h
− d−1

2
e ‖[ph]e‖L2(e). (5.14)

Finally, we observe that
• if a is a vertex of K, the ratio

α
− 1

2
|K h

d
2−1

K

α(e)−
1
2 h

d
2−1
e
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is bounded by a constant times either the regularity parameter σ or σ µh,
• when summing the square of (5.12) on the K, it follows from Assumption 5.2 that each
edge e only appear a finite number of times on the right-hand side (bounded as a function
of N).
So, the desired estimate follows from (5.12), (5.13) and (5.14).

We are now in a position to prove the a posteriori error estimate.

Theorem 5.5. If Assumption 5.2 is satisfied, the following a posteriori error estimate
holds between the solutions (u, p) of problem (2.3) and (uh, ph) of problem (3.6)

‖u− uh‖α + ‖p− ph‖α∗h ≤ c µh
( ∑
e∈Eh

η2
e

) 1
2 +
√

2 ‖f −Πhf‖α, (5.15)

where the quantity µh is defined in (5.11).

Proof: Let p∗h be the function associated with ph in Lemma 5.4. Then, the first line of
system (5.3) can be written as

∀v ∈ L2(Ω)d, aα(u− uh,v) + b(v, p− p∗h)

=
L∑
`=1

α`

∫
Ω`

(f −Πhf)(x) · v(x) dx+ bh(v, ph − p∗h).

Taking v equal to u− uh + 1
α grad (p− p∗h) in this equation and using the second line of

(5.3) lead to

‖u− uh‖2α + ‖p− p∗h‖2α∗ =
L∑
`=1

α`

∫
Ω`

(f −Πhf)(x) ·v(x) dx+ bh(v, ph − p∗h)

+ 2
∫
S

[uh · n]S(τ )(p− p∗h)(τ ) dτ .

By using Cauchy–Schwarz inequalities and finally a triangle inquality, we obtain

‖u− uh‖α + ‖p− ph‖α∗h ≤
√

2 ‖f −Πhf‖α + 2 ‖ph − p∗h‖α∗h

+ 2 sup
q∈H1(Ω)

∫
S [uh · n]S(τ )q(τ ) dτ

‖q‖α∗
.

The second term in the right-hand side of this inequality is bounded in Lemma 5.4. To
estimate the last one, we use the decomposition∫

S
[uh · n]S(τ )q(τ ) dτ =

M∑
m=1

∑
e∈E−

mh

∫
e

[uh · n]e(τ )q(τ ) dτ .

Indeed, we derive from Lemma 5.3 that, if qe denote the mean value of q on e,∫
e

[uh · n]e(τ )q(τ ) dτ =
∫
e

[uh · n]e(τ )(q − qe)(τ ) dτ ≤ ‖[uh · n]e‖L2(e)‖q − qe‖L2(e).
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By going to a reference element and using a generalized Bramble–Hilbert inequality, we
easily derive that, if e is an edge of K,∫

e

[uh · n]e(τ )q(τ ) dτ ≤ c h
1
2
e ‖[uh · n]e‖L2(e)|q|H1(K).

Summing this inequality on the e, next on the m gives the bound for the last term.

In the next two lemmas, we prove an upper bound of each term in ηe as a function of
the error. For each e in Eh, we denote by ∆e the union of elements K of all T`h such that
meas(e∩∂K) is positive and by ‖ · ‖α,∆e

and ‖ · ‖α∗h,∆e
the restrictions of the norms ‖ · ‖α

and ‖ · ‖α∗h to ∆e.

Lemma 5.6. If Assumption 5.2 is satisfied, the following estimate holds for each e in Eh

α(e)−
1
2 h
− 1

2
e ‖ [ph]e‖L2(e) ≤ c (1 + λe)

1
2 ‖p− ph‖α∗h,∆e

, (5.16)

where λe is equal to 1 if e belongs to Eh \ ESh , to

λe = sup
e′∈ES

h
,meas(e∩e′)>0

α(e′)he′
α(e)he

. (5.17)

otherwise.

Proof: We consider three cases.
1) If e belongs to Eh \ ESh , let K and K ′ denote the two triangles such that e is an edge
(d = 2) or a face (d = 3) of e. On each κ in {K,K ′}, denoting by nκ the unit outward
normal vector to κ on ∂κ, we consider the Neumann problem

−∆ϕ = 0 in κ,
∂nκϕ = [ph]e on e,
∂nκϕ = 0 on ∂κ \ e.

(5.18)

Since the integral of [ph]e on e is zero, this problem has a unique solution in H1(κ)∩L2
0(κ)

that we denote by ϕκ. Taking now v equal to gradϕK on K, to gradϕK′ on K ′ and to
zero on Ω \ (K ∪K ′), we obtain by integration by parts that

b(v, p− ph) =
∑

κ∈{K,K′}

∫
κ

(gradϕκ)(x) · (grad (p− ph))(x) dx

=
∑

κ∈{K,K′}

∫
e

(∂nκϕκ)(τ ) (p− ph)(τ ) dτ = ‖ [ph]e‖2L2(e),

whence
‖ [ph]e‖2L2(e) ≤

∑
κ∈{K,K′}

|ϕκ|H1(κ)|p− ph|H1(κ).

On the other hand, we have for each κ

|ϕκ|2H1(κ) ≤
∫
e

[ph]e(τ )ϕκ(τ ) dτ ≤ ‖ [ph]e‖L2(e)‖ϕκ‖L2(e).
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By going to a reference element and recalling that ϕκ belongs to L2
0(κ), we derive

‖ϕκ‖L2(e) ≤ c h
1
2
e |ϕκ|H1(κ).

Combining all this leads to

‖ [ph]e‖L2(e) ≤ c h
1
2
e

∑
κ∈{K,K′}

|p− ph|H1(κ),

whence the desired estimate by a Cauchy–Schwarz inequality.

γ+
m

a e+

e−

K+

K−

γ+
m

K

K ′
K̃ ′ e′
e γ+

m

1

Figure 3

2) When e belongs to an E+
mh, we denote by K the triangle of T +

mh such that e is an edge or a
face of K. We also introduce the element e′ of E−mh which contains e, the element K ′ of one
of the T`h such that e′ is an edge or a face of K ′ and finally a triangle (d = 2) or tetrahedron
(d = 3) K̃ ′ contained in K ′, constructed from K ′ by homothety and translation, and such
that e is an edge or a face of K ′ (see Figure 3). Solving problem (5.18) for κ equal to K
and K̃ ′ (indeed, it follows from (3.5) that the integral of [ph]e on e is zero) and applying
exactly the same arguments as in case 1) now for κ ∈ {K, K̃ ′} give the estimate

‖ [ph]e‖L2(e) ≤ c h
1
2
e

∑
κ∈{K,K̃′}

|p− ph|H1(κ),

whence

α(e)−
1
2 h
− 1

2
e ‖ [ph]e‖L2(e) ≤ c (1 +

α(e′)
α(e)

)
1
2 ‖p− ph‖α∗h,∆e .

Since he is ≤ he′ , this gives the desired estimate.
3) When e belongs to an E−mh, it follows from Assumption 5.2 that it is the union of
elements e1, . . . and eI of E+

mh, with I ≤ N . Each ei is the edge or face of an element Ki

of T +
mh and there also the integrals of [ph]ei on ei, hence the integral of [ph]e on e, are zero.

Still denoting by K the triangle or tetrahedron of one of the T`h such that e is an edge
or a face of K, we now solve problem (5.18) for κ running through {K,K1, . . . ,KI} and
derive as previously that

‖ [ph]e‖L2(e) ≤ c h
1
2
e |p− ph|H1(K) +

I∑
i=1

h
1
2
ei |p− ph|H1(Ki),
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This gives

α(e)−
1
2 h
− 1

2
e ‖ [ph]e‖L2(e) ≤ c (1 + max

1≤i≤I

α(ei)hei
α(e)he

)
1
2 ‖p− ph‖α∗h,∆e ,

whence the desired estimate.

Lemma 5.7. If Assumption 5.2 is satisfied, the following estimate holds for each e in E−mh,
1 ≤ m ≤M ,

α(e)
1
2 h

1
2
e ‖[uh · n]e‖L2(e) ≤ c (1 + λe)

1
2 ‖u− uh‖α,∆e , (5.19)

where the quantity λe is defined in (5.17).

Proof: As in case 3) of the previous proof, we note that e is the union of elements e1,
. . . and en of E+

mh and we use the notation introduced in this proof. We also denote by
K ′i the triangle contained in K, constructed from K by homothety and translation, and
such that ei is an edge of K ′i (see Figure 3). For each i, we denote by ψei the bubble
function on ei, equal to the product of the barycentric coordinates associated with the
endpoints or vertices of ei. We introduce a lifting operator Li from H1

0 (ei) into functions
in H1(Ki) ∩ L2

0(Ki) vanishing on ∂Ki \ ei, which is contructed by affine transformation
from a fixed lifting operator on a reference element K̂, and its analogue L′i on K ′i. We
define the function

qi =

Li
(

[uh · n]ei ψei
)

on Ki,
L′i

(
[uh · n]ei ψei

)
on K ′i,

0 on Ω \ (Ki ∪K ′i).

Since the function qi obviously belongs to H1(Ω)∩L2
0(Ω), taking q equat to qi in the second

equation of (5.3) leads to

‖[uh · n]ei ψ
1
2
i ‖

2
L2(ei)

≤
∑

κ∈{Ki,K′
i
}

‖u− uh‖L2(κ)d |qi|H1(κ).

Since [uh · n]ei is constant on ei, we use the standard inverse inequality (see [29, Lemma
1.3] for instance)

‖[uh · n]ei‖L2(ei) ≤ c ‖[uh · n]ei ψ
1
2
i ‖L2(ei).

We also evaluate each |qi|H1(κ) by switching to the reference element. This gives

‖[uh · n]ei‖L2(ei) ≤ c h
− 1

2
ei

( ∑
κ∈{Ki,K′

i
}

‖u− uh‖2L2(κ)d

) 1
2 .

By summing up the square of this inequality on the i and multiplying the square root of
the sum by α(e)

1
2 h

1
2
e , we obtain

α(e)
1
2 h

1
2
e ‖[uh · n]e‖L2(e) ≤ c

(
1 + max

1≤i≤n
(
α(e)he
α(ei)hei

+
he
hei

)
) 1

2 ‖u− uh‖α,∆e
.

Moreover it follows from Assumption 5.2 that the ratios he
hei

are bounded independently
of h, which yields the desired estimate.
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Combining Lemmas 5.6 and 5.7 leads to the upper bound on the ηe.

Corollary 5.8. If Assumption 5.2 is satisfied, the following estimate holds for each error
indicator ηe defined in (5.2), e in Eh,

ηe ≤ c (1 + λe)
1
2

(
‖u− uh‖α,∆e + ‖p− ph‖α∗h,∆e

)
. (5.20)

where the quantity λe is defined in (5.17).

Note that the λe are the local analogues of the quantity λh introduced in (4.7) and
that they are smaller than λh. By combining Proposition 5.5 and Corollary 5.8, we observe
that, up to the term ‖f −Πhf‖α only involving the data, the full error

‖u− uh‖α + ‖p− ph‖α∗h

is bounded from above and from below by the Hilbertian sum of the error indicators
multiplied by c µh and c (1 + λh)−

1
2 . So the estimates are not fully optimal in the general

case. On the other hand, estimate (5.20) is local, so that it can be thought that the ηe,
e ∈ Eh, provide a good representation of the local error and thus are an efficient tool for
mesh adaptivity.

Remark 5.9. In simple geometries, for instance when at most three subdomains Ω` share
the same vertex, we can decide to choose the triangulations such that, with the notation
introduced in (4.7), for constants λ1 and λ2 and a global parameter h∗,

α+
m h

+
m ≥ λ1 h

∗, 1 ≤ m ≤M, and α` h` ≤ λ2 h
∗, (5.21)

so that the quantity λh is bounded independently of h in this case. Moreover, thanks
to Assumption 5.2, the quantity µh behaves like the maximum of the α`

α`′
for all pairs of

subdomains Ω` and Ω`′ sharing a vertex and, always in the case of simple geometries,
estimate (5.10) can be improved thanks to a different choice of Ta in the proof of Lemma
5.4. However, as observed in [14, Rem. 2.10], the restriction to simple geometries seems
necessary for these improvements.

Remark 5.10. In the case of non zero boundary data k, we introduce an approximation
kh of k which is constant on each element e of Ebh and we consider the modified discrete
problem

Find (uh, ph) in Xh ×Mh such that

∀vh ∈ Xh, aα(uh,vh) + bh(vh, ph) =
L∑
`=1

α`

∫
Ω`

f(x) · vh(x) dx,

∀qh ∈Mh, bh(uh, qh) =
∫
∂Ω

kh(τ )qh(τ ) dτ ,

(5.22)

Then, estimates (5.15) and (5.20) still hold for this new problem, with the further term

c
∑L
`=1 α

1
2
` h

1
2
` ‖k − kh‖L2(∂Ω`∩∂Ω) in the right-hand side. The extension to non zero data

g seems more complex. Indeed, let gh denote an approximation of g which is constant
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on each element K of all T`h. When solving the discrete problem with k replaced by kh,
estimates (5.15) and (5.20) still holds with further terms c

∑L
`=1 α

1
2
` h

1
2
` ‖k− kh‖L2(∂Ω`∩∂Ω)

and c
∑L
`=1 h`‖g− gh‖α,Ω` in the right-hand side and with the indicators ηe replaced with

η̃e = α(e)−
1
2 h
− 1

2
e ‖ [ph]e‖L2(e)+α(e)

1
2 h

1
2
e ‖[uh · n]e‖L2(e)+

∑
e⊂∂K

α
1
2
|K hK ‖gh‖L2(K). (5.23)

Note however that it is more expensive to compute the η̃e than the ηe since now all jumps
of uh · n appear in this indicator instead of only the jumps through S.
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6. Implementation, adaptivity strategy and numerical experiments.

Solving the discrete problem (3.6) relies on the following idea, due to Ben Belgacem
[6]: the matching conditions in (3.5) can be enforced via the introduction of a Lagrange
multiplier. We introduce the space Mh

Mh =
{
qh ∈ L2

0(Ω) : qh |Ω` ∈M`h, 1 ≤ ` ≤ L}, (6.1)

together with the space

Wh =
M∏
m=1

W+
mh. (6.2)

We now consider the problem

Find (uh, ph, ψh) in Xh ×Mh ×Wh such that

∀vh ∈ Xh, aα(uh,vh) + bh(vh, ph) =
L∑
`=1

α`

∫
Ω`

f(x) · vh(x) dx,

∀qh ∈Mh, bh(uh, qh) + c(qh,ψh) = −
∫

Ω

g(x)qh(x) dx+
∫
∂Ω

kh(τ )qh(τ ) dτ ,

∀ϕh ∈Wh, c(ph,ϕh) = 0,

(6.3)

where the form c(·, ·) is defined, with the same notation as in (3.5) and with ϕh =
(ϕ1, . . . , ϕM ),

c(qh,ϕh) =
M∑
m=1

∫
γ+
m

(
qh|Ω+

m
− Φm(qh)

)
(τ )ϕm(τ ) dτ . (6.4)

Indeed, it is readily checked that, for any solution (uh, ph,ψh) of problem (6.3), the pair
(uh, ph) is a solution of problem (3.6) (with k replaced by kh according to Remark 5.10).
The converse property requires an inf-sup condition on the form c(·, ·) and is proven in [6]
in a different framework.

Problem (6.3) can be written as A B 0
BT 0 C
0 CT 0

 U
P
Ψ

 =

F
G
0

 , (6.5)

where BT and CT stand for the transposed matrices of B and C, respectively. The vector
U is made of the values of uh on each K, K ∈ T`h, 1 ≤ ` ≤ L. The vector P is made of
the values of ph at each midpoint or barycenter of elements of Eb`h ∪ ES`h ∪ E`h, 1 ≤ ` ≤ L.
Finally the vector Ψ is made of values of ψm on each e in E+

mh, 1 ≤ m ≤M .

It can be observed that the matrix A is fully diagonal. The matrix B is block-diagonal,
one block per Ω`, and the size of the matrix C is much smaller than the size of the matrix
B for instance. Moreover the global matrix in (6.5) is symmetric. For all these reasons,
system (6.5) is solved via the UMFPACK solver [21].
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We now describe the adaptivity stategy. The choice of the decomposition and of the
γ+
m is made in a preliminary step. We start from a fixed triangulation T ∗h of Ω such that

the skeleton S is contained in edges or faces of the elements of T ∗h , and we fix a tolerance
η∗.

Step 1: We refine separately the triangulation Th on each Ω` such that the quantities
‖f − Πhf‖α,Ω` , h`‖g − gh‖α,Ω` and h

1
2
` ‖k − kh‖α,∂Ω`∩∂Ω are smaller than η∗. Next, we

modify the global triangulation in order to satisfy Assumption 5.2. This gives rise to the
triangulation T 0

h .

Step 2: Assuming that the mesh T nh is known, we solve problem (6.3) and compute the
ηe corresponding to this solution. Next, we define the mean value ηh of the ηe. Next,
• for each e in ESh such that ηe is ≥ ηh, we divide e into 2k edges (d = 2) or 22k faces by
iteratively joining the middle of the edges, where the k depends on the ratio ηe/ηh. We
adjust this new mesh in order that Assumption 5.2 holds;
• for each `, we construct a new triangulation T n+

`h such that the edges ofr faces of the
elements in T`h which are contained in S coincide with these new edges or faces.
• for each ` and for each e in En`h such that ηe is ≥ ηh, we divide the K that contain e
into smaller ones according to the ratio ηe/ηh.
Details on the refinement procedure can be found in [22] for instance.

Step 2 is of course iterated either a finite number of times or until ηh becomes smaller
than η∗ (when possible).

We present two numerical experiments in the two-dimensional case, the computation
domain being contained in a vertical plane for the first one and in the horizontal plane
for the second one. The first numerical experiment that we present deals with a simpli-
fied version of a benchmark called “couplex” and proposed in [15]. The domain Ω is an
underground rectangle with length 1 km and depth 496 m. Up to a vertical translation, it
is defined as ]0, 1000[×]0, 496[ (the simplification here comes from the fact that the domin
proposed in couplex is highly anisotropic and that the finite elements that we consider here
are not appropriate for handling anisotropic domains). It is divided into four subdomains,
two rectangles and two trapeziums, corresponding to different soil layers, as illustrated in
Figure 4.
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proposed in couplex is highly anisotropic and that the finite elements that we consider here
are not appropriate for handling anisotropic domains). It is divided into four subdomains,
two rectangles and two trapeziums, corresponding to di#erent soil layers, as illustrated in
Figure 4.

The nature of these layers and the corresponding values of the parameters K (in m/s)
and $ = K#1 are presented in Table 1. It can be noted that the ratio of the highest value of
$ to the lowest one is equal to 8 . 106, whence the interest of using domain decomposition.

!1 !2 !3 !4

Marl Limestone Clay Dogger

K 1 . 10#12 2 . 10#7 1 . 10#13 8 . 10#7

$ 1 . 1012 5 . 106 1 . 1013 1.25 . 106

Table 1: The values of K and $ for the di#erent layers

We consider problem (1.1) in this case, with data f and g equal to zero and slightly
di#erent boundary conditions. Indeed, the boundary %! is divided into two parts: the
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part !d, made of five connected components !di, therealso presented in Figure 4. and the
part !n equal to !" \ !d. The boundary conditions now read

p = p0 on !d and u · n = 0 on !n, (6.6)

where the fuction p0 is given by

p0(x, z) =

!
"""#

"""$

286 on !d1,
200 on !d2,
180 + 160 x

25000 on !d3,
310 on !d4,
289 on !d5.

(6.7)

The corresponding discrete problem now involves the space %Mh of functions qh

(ii) such that their restriction to each "!, 1 ! " ! L, belongs to M!h,
(ii) such that the matching condition (3.5) holds on each #+

m, 1 ! m ! M ,
together with is subspace %M0

h of functions vanishing on !d. It reads

Find (uh, ph) in Xh " %Mh such that

ph = p0 on !d, (6.8)

and
#vh $ Xh, a"(uh,vh) + bh(vh, ph) = 0,

#qh $ %M0
h , bh(uh, qh) = 0.

(6.9)

It is solved via the same algorithm as described at the beginning of the Section.

Figure 5 presents the final adapted mesh (the "+
m being above each #+

m), obtained
after 6 iterations of adaptation. Figure 6 (top part) presents the velocity field map, while
Figure 6 (bottom part) presents the isovalues of the pressure.

The second numerical experiment deals with a more complex domain ", with area
approximatively equal to 390 km2, which represents the coastal aquifer of Mâamora (near
Kenitra, Maroc). All the data here can be found in [7]. In contrast with the previous
case, the aspect ratio of " is about 2, but it is divided into 9 subdomains, as illustrated in
Figure 7.

"1 "2 "3 "4 "5 "6 "7 "8 "9

K 5 . 10!4 3 . 10!4 4 . 10!4 1.2 . 10!41.6 . 10!4 9 . 10!4 1.25 . 10!4 4 . 10!4 1.75 . 10!3

$ 2 . 103 3.3 . 103 2.5 . 103 8.3 . 103 6.25 . 103 1.1 . 103 8 . 103 2.5 . 103 4.3 . 103

Table 2: The values of K and $ for the di#erent soils

The aquifer lithology is made up of mainly calcalenite with varying propertions of
sand. The corresponding values of the parameters K (in m/s) and $ = K!1 are presented
in Table 2. Note however that the ratio of the highest value of $ to the lowest one is much
smaller than previously.

33

part !d, made of five connected components !di, therealso presented in Figure 4. and the
part !n equal to !" \ !d. The boundary conditions now read

p = p0 on !d and u · n = 0 on !n, (6.6)

where the fuction p0 is given by

p0(x, z) =

!
"""#

"""$

286 on !d1,
200 on !d2,
180 + 160 x

25000 on !d3,
310 on !d4,
289 on !d5.

(6.7)

The corresponding discrete problem now involves the space %Mh of functions qh

(ii) such that their restriction to each "!, 1 ! " ! L, belongs to M!h,
(ii) such that the matching condition (3.5) holds on each #+

m, 1 ! m ! M ,
together with is subspace %M0

h of functions vanishing on !d. It reads

Find (uh, ph) in Xh " %Mh such that

ph = p0 on !d, (6.8)

and
#vh $ Xh, a"(uh,vh) + bh(vh, ph) = 0,

#qh $ %M0
h , bh(uh, qh) = 0.

(6.9)

It is solved via the same algorithm as described at the beginning of the Section.

Figure 5 presents the final adapted mesh (the "+
m being above each #+

m), obtained
after 6 iterations of adaptation. Figure 6 (top part) presents the velocity field map, while
Figure 6 (bottom part) presents the isovalues of the pressure.

The second numerical experiment deals with a more complex domain ", with area
approximatively equal to 390 km2, which represents the coastal aquifer of Mâamora (near
Kenitra, Maroc). All the data here can be found in [7]. In contrast with the previous
case, the aspect ratio of " is about 2, but it is divided into 9 subdomains, as illustrated in
Figure 7.

"1 "2 "3 "4 "5 "6 "7 "8 "9

K 5 . 10!4 3 . 10!4 4 . 10!4 1.2 . 10!41.6 . 10!4 9 . 10!4 1.25 . 10!4 4 . 10!4 1.75 . 10!3

$ 2 . 103 3.3 . 103 2.5 . 103 8.3 . 103 6.25 . 103 1.1 . 103 8 . 103 2.5 . 103 4.3 . 103

Table 2: The values of K and $ for the di#erent soils

The aquifer lithology is made up of mainly calcalenite with varying propertions of
sand. The corresponding values of the parameters K (in m/s) and $ = K!1 are presented
in Table 2. Note however that the ratio of the highest value of $ to the lowest one is much
smaller than previously.

33

part !d, made of five connected components !di, therealso presented in Figure 4. and the
part !n equal to !" \ !d. The boundary conditions now read

p = p0 on !d and u · n = 0 on !n, (6.6)

where the fuction p0 is given by

p0(x, z) =

!
"""#

"""$

286 on !d1,
200 on !d2,
180 + 160 x

25000 on !d3,
310 on !d4,
289 on !d5.

(6.7)

The corresponding discrete problem now involves the space %Mh of functions qh

(ii) such that their restriction to each "!, 1 ! " ! L, belongs to M!h,
(ii) such that the matching condition (3.5) holds on each #+

m, 1 ! m ! M ,
together with is subspace %M0

h of functions vanishing on !d. It reads

Find (uh, ph) in Xh " %Mh such that

ph = p0 on !d, (6.8)

and
#vh $ Xh, a"(uh,vh) + bh(vh, ph) = 0,

#qh $ %M0
h , bh(uh, qh) = 0.

(6.9)

It is solved via the same algorithm as described at the beginning of the Section.

Figure 5 presents the final adapted mesh (the "+
m being above each #+

m), obtained
after 6 iterations of adaptation. Figure 6 (top part) presents the velocity field map, while
Figure 6 (bottom part) presents the isovalues of the pressure.

The second numerical experiment deals with a more complex domain ", with area
approximatively equal to 390 km2, which represents the coastal aquifer of Mâamora (near
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Kenitra, Maroc). All the data here can be found in [7]. In contrast with the previous
case, the aspect ratio of " is about 2, but it is divided into 9 subdomains, as illustrated in
Figure 7.

"1 "2 "3 "4 "5 "6 "7 "8 "9

K 5 . 10!4 3 . 10!4 4 . 10!4 1.2 . 10!41.6 . 10!4 9 . 10!4 1.25 . 10!4 4 . 10!4 1.75 . 10!3

$ 2 . 103 3.3 . 103 2.5 . 103 8.3 . 103 6.25 . 103 1.1 . 103 8 . 103 2.5 . 103 4.3 . 103

Table 2: The values of K and $ for the di#erent soils

The aquifer lithology is made up of mainly calcalenite with varying propertions of
sand. The corresponding values of the parameters K (in m/s) and $ = K!1 are presented
in Table 2. Note however that the ratio of the highest value of $ to the lowest one is much
smaller than previously.

33

part !d, made of five connected components !di, therealso presented in Figure 4. and the
part !n equal to !" \ !d. The boundary conditions now read

p = p0 on !d and u · n = 0 on !n, (6.6)

where the fuction p0 is given by

p0(x, z) =

!
"""#

"""$

286 on !d1,
200 on !d2,
180 + 160 x

25000 on !d3,
310 on !d4,
289 on !d5.

(6.7)

The corresponding discrete problem now involves the space %Mh of functions qh

(ii) such that their restriction to each "!, 1 ! " ! L, belongs to M!h,
(ii) such that the matching condition (3.5) holds on each #+

m, 1 ! m ! M ,
together with is subspace %M0

h of functions vanishing on !d. It reads

Find (uh, ph) in Xh " %Mh such that

ph = p0 on !d, (6.8)

and
#vh $ Xh, a"(uh,vh) + bh(vh, ph) = 0,

#qh $ %M0
h , bh(uh, qh) = 0.

(6.9)

It is solved via the same algorithm as described at the beginning of the Section.

Figure 5 presents the final adapted mesh (the "+
m being above each #+

m), obtained
after 6 iterations of adaptation. Figure 6 (top part) presents the velocity field map, while
Figure 6 (bottom part) presents the isovalues of the pressure.

The second numerical experiment deals with a more complex domain ", with area
approximatively equal to 390 km2, which represents the coastal aquifer of Mâamora (near
Kenitra, Maroc). All the data here can be found in [7]. In contrast with the previous
case, the aspect ratio of " is about 2, but it is divided into 9 subdomains, as illustrated in
Figure 7.

"1 "2 "3 "4 "5 "6 "7 "8 "9

K 5 . 10!4 3 . 10!4 4 . 10!4 1.2 . 10!41.6 . 10!4 9 . 10!4 1.25 . 10!4 4 . 10!4 1.75 . 10!3

$ 2 . 103 3.3 . 103 2.5 . 103 8.3 . 103 6.25 . 103 1.1 . 103 8 . 103 2.5 . 103 4.3 . 103

Table 2: The values of K and $ for the di#erent soils

The aquifer lithology is made up of mainly calcalenite with varying propertions of
sand. The corresponding values of the parameters K (in m/s) and $ = K!1 are presented
in Table 2. Note however that the ratio of the highest value of $ to the lowest one is much
smaller than previously.
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We now describe the adaptivity stategy. The choice of the decomposition and of the
!+

m is made in a preliminary step. We start from a fixed triangulation T !
h of ! such that

the skeleton S is contained in edges or faces of the elements of T !
h , and we fix a tolerance

"!.

Step 1: We refine separately the triangulation Th on each !! such that the quantities
!f " "hf!",!! , h!!g " gh!",!! and h

1
2
! !k " kh!",#!!"#! are smaller than "!. Next, we

modify the global triangulation in order to satisfy Assumption 5.2. This gives rise to the
triangulation T 0

h .

Step 2: Assuming that the mesh T n
h is known, we solve problem (6.3) and compute the

"e corresponding to this solution. Next, we define the mean value "h of the "e. Next,
• for each e in ESh such that "e is # "h, we divide e into 2k edges (d = 2) or 22k faces by
iteratively joining the middle of the edges, where the k depends on the ratio "e/"h. We
adjust this new mesh in order that Assumption 5.2 holds;
• for each #, we construct a new triangulation T n+

!h such that the edges ofr faces of the
elements in T!h which are contained in S coincide with these new edges or faces.
• for each # and for each e in En

!h such that "e is # "h, we divide the K that contain e
into smaller ones according to the ratio "e/"h.
Details on the refinement procedure can be found in [22] for instance.

Step 2 is of course iterated either a finite number of times or until "h becomes smaller
than "! (when possible).

We present two numerical experiments in the two-dimensional case, the computation
domain being contained in a vertical plane for the first one and in the horizontal plane
for the second one. The first numerical experiment that we present deals with a simpli-
fied version of a benchmark called “couplex” and proposed in [15]. The domain ! is an
underground rectangle with length 1 km and depth 496 m. Up to a vertical translation, it
is defined as ]0, 1000[$]0, 496[ (the simplification here comes from the fact that the domin
proposed in couplex is highly anisotropic and that the finite elements that we consider here
are not appropriate for handling anisotropic domains). It is divided into four subdomains,
two rectangles and two trapeziums, corresponding to di#erent soil layers, as illustrated in
Figure 4.

The nature of these layers and the corresponding values of the parameters K (in m/s)
and $ = K#1 are presented in Table 1. It can be noted that the ratio of the highest value of
$ to the lowest one is equal to 8 . 106, whence the interest of using domain decomposition.

!1 !2 !3 !4

Marl Limestone Clay Dogger

K 1 . 10#12 2 . 10#7 1 . 10#13 8 . 10#7

$ 1 . 1012 5 . 106 1 . 1013 1.25 . 106

Table 1: The values of K and $ for the di#erent layers

We consider problem (1.1) in this case, with data f and g equal to zero and slightly
di#erent boundary conditions. Indeed, the boundary %! is divided into two parts: the
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Figure 4

The nature of these layers and the corresponding values of the parameters K (in m/s)
and α = K−1 are presented in Table 1. It can be noted that the ratio of the highest value of
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α to the lowest one is equal to 8 . 106, whence the interest of using domain decomposition.

Ω1 Ω2 Ω3 Ω4

Marl Limestone Clay Dogger

K 1 . 10−12 2 . 10−7 1 . 10−13 8 . 10−7

α 1 . 1012 5 . 106 1 . 1013 1.25 . 106

Table 1: The values of K and α for the different layers

We consider problem (1.1) in this case, with data f and g equal to zero and slightly
different boundary conditions. Indeed, the boundary ∂Ω is divided into two parts: the
part Γd, made of five connected components Γdi, therealso presented in Figure 4. and the
part Γn equal to ∂Ω \ Γd. The boundary conditions now read

p = p0 on Γd and u · n = 0 on Γn, (6.6)

where the fuction p0 is given by

p0(x, z) =


286 on Γd1,
200 on Γd2,
180 + 160 x

25000 on Γd3,
310 on Γd4,
289 on Γd5.

(6.7)

The corresponding discrete problem now involves the space M̃h of functions qh
(ii) such that their restriction to each Ω`, 1 ≤ ` ≤ L, belongs to M`h,
(ii) such that the matching condition (3.5) holds on each γ+

m, 1 ≤ m ≤M ,
together with is subspace M̃0

h of functions vanishing on Γd. It reads

Find (uh, ph) in Xh × M̃h such that

ph = p0 on Γd, (6.8)

and
∀vh ∈ Xh, aα(uh,vh) + bh(vh, ph) = 0,

∀qh ∈ M̃0
h , bh(uh, qh) = 0.

(6.9)

It is solved via the same algorithm as described at the beginning of the Section.

Figure 5
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[u10,u20],[u11,u21]

Figure 6

Figure 5 presents the final adapted mesh (the Ω+
m being above each γ+

m), obtained
after 6 iterations of adaptation. Figure 6 (top part) presents the velocity field map, while
Figure 6 (bottom part) presents the isovalues of the pressure.

The second numerical experiment deals with a more complex domain Ω, with area
approximatively equal to 390 km2, which represents the coastal aquifer of Mâamora (near
Kenitra, Maroc). All the data here can be found in [7]. In contrast with the previous
case, the aspect ratio of Ω is about 2, but it is divided into 9 subdomains, as illustrated in
Figure 7.

!1 

!1 

!2

!2

!3

!4 

!5
!6

!7 

!8 

!7 

!9

Figure 7
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Ω1 Ω2 Ω3 Ω4 Ω5 Ω6 Ω7 Ω8 Ω9

K 5 . 10−4 3 . 10−4 4 . 10−4 1.2 . 10−41.6 . 10−4 9 . 10−4 1.25 . 10−4 4 . 10−4 1.75 . 10−3

α 2 . 103 3.3 . 103 2.5 . 103 8.3 . 103 6.25 . 103 1.1 . 103 8 . 103 2.5 . 103 4.3 . 103

Table 2: The values of K and α for the different soils

The aquifer lithology is made up of mainly calcalenite with varying propertions of
sand. The corresponding values of the parameters K (in m/s) and α = K−1 are presented
in Table 2. Note however that the ratio of the highest value of α to the lowest one is much
smaller than previously.

We consider problem (1.1) in this case, with data f equal to zero and homogenous
boundary conditions

p = 0 on Γd and u · n = 0 on Γn, (6.10)

where Γd is now the top part of the boundary, representing the contact with the ocean,
and Γn, which is considered as a tight boundary, is still equal to ∂Ω \ Γd. The data g
represent the rainfall rate on the region. It is piecewise constant, more precisely constant
on each of the four subregions Ui presented in Figure 8 and given by (in m/s)

g(x, y) =


0.90 . 10−8 in U1,
2.59 . 10−8 in U2,
1.10 . 10−8 in U3,
6.36 . 10−8 in U4.

(6.11)

!4 

 U1

U2

U3

U3

U4

Figure 8

The corresponding discrete problem now reads

Find (uh, ph) in Xh × M̃0
h such that

∀vh ∈ Xh, aα(uh,vh) + bh(vh, ph) = 0,

∀qh ∈ M̃0
h , bh(uh, qh) = −

∫
Ω

g(x)qh(x) dx.
(6.12)
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Figure 9

[u10,u20],[u11,u21]

Figure10

As previously, Figure 9 presents the final adapted mesh . Figure 10 (top part) presents
the velocity field map, while Figure 10 (bottom part) presents the isovalues of the pressure.
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[7] B. Ben Kabbour — Exploration, évaluation et protection des eaux souterraines de la Mâamora
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