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Abstract. A basic theorem from differential geometry asserts that, if the
Riemann curvature tensor associated with a smooth field C of positive-
definite symmetric matrices of order n vanishes in a simply-connected open
subset Ω of Rn, then C is the metric tensor of a manifold isometrically im-
mersed in Rn. If Ω is connected, then the isometric immersion Θ defined in
this fashion is unique up to isometries of Rn. We prove that, if the set Ω is
bounded and has a smooth boundary, then the mapping C 7→ Θ is of class
C∞ between manifolds in appropriate Banach spaces.

Résumé. Un théoréme de base de la géométrie différentielle affirme que,
si le tenseur de courbure de Riemann associé à un champ régulier C de
matrices symétriques définies positives d’ordre n s’annule sur un ouvert Ω
de Rn simplement connexe, alors C est le tenseur métrique d’une variété
isométriquement immergée dans Rn. Si Ω est connexe, alors l’immersion
isométriqueΘ ainsi définie est unique aux isométries de Rn près. On montre
que, si l’ensemble Ω est borné et a une frontière régulière, alors l’application
C 7→ Θ est de classe C∞ entre variétés dans des espaces de Banach appro-
priés.
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1. Introduction

All the notations used, but not defined, here are defined in the next
sections. Let Ω be a connected and simply-connected open subset of Rn and
let a smooth Riemannian metric C = (gij) : Ω→ Sn> be given that satisfies

Rp
·ijk := ∂jΓ

p
ik − ∂kΓ

p
ij + Γ`ikΓ

p
j` − Γ`ijΓ

p
k` = 0 in Ω,

where

Γkij :=
1

2
gk`(∂igj` + ∂jg`i − ∂`gij) and (gk`) := (gij)

−1,

i.e., the Riemann curvature tensor associated with the metric C vanishes in
Ω.

Then a basic theorem from differential geometry asserts that there exists
an immersion Θ : Ω → Rn, uniquely determined up to isometries in Rn,
such that

∇Θ(x)T∇Θ(x) = C(x) for all x ∈ Ω,

i.e., such that the manifold Θ(Ω) is isometrically immersed in Rn.
Hence there exists a mapping (assume for definiteness that the Riemann-

ian metric is of class C2)

F : C ∈ C20(Ω; Sn>)→ Θ̇ ∈ Ċ3(Ω;Rn),

where

C20(Ω; Sn>) := {C ∈ C2(Ω; Sn); C(x) ∈ Sn> and Rp
·ijk(x) = 0 for all x ∈ Ω},

Ċ3(Ω;Rn) is the quotient set C3(Ω;Rn)/R, where (Φ;Θ) ∈ R means that
there exist a vector a ∈ Rn and an orthogonal matrix Q ∈ On such that
Φ(x) = a +QΘ(x) for all x ∈ Ω, and Θ̇ designates the equivalence class of
Θ modulo R.

The regularity of the mapping F was studied by Ciarlet and Laurent in
[7], where they showed that this mapping is continuous with respect to the
topologies induced from the Fréchet spaces C2(Ω; Sn) and C3(Ω;Rn).

If the set Ω is bounded and has a smooth boundary (e.g., Lipschitz-
continuous), Ciarlet and Mardare [9] showed that the mapping

C ∈ C20(Ω; Sn>) 7→ Θ̇ ∈ Ċ3(Ω;Rn),

where

C20(Ω; Sn>) := {C ∈ C2(Ω; Sn); C(x) ∈ Sn> for all x ∈ Ω

and Rp
·ijk(x) = 0 for all x ∈ Ω},

is also well defined and that it is locally Lipschitz-continuous with respect
to the metrics induced from the Banach spaces C2(Ω; Sn) and C3(Ω;Rn).

In this paper, it is convenient to select a specific representative in the
equivalence class Θ̇: Let a point x0 ∈ Ω be fixed once and for all and define
the mapping

F0 : C 7→ Θ
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that associates with any Riemannian metric C satisfying Rp
·ijk = 0 in Ω the

unique immersion Θ : Ω→ Rn that satisfies

∇ΘT∇Θ = C in Ω,

Θ(x0) = 0 and ∇Θ(x0) = C(x0)
1/2.

That this mapping is well-defined was proved in Ciarlet and Mardare [9].
Our objective is to show that the mapping F0 : C 7→ Θ is of class C∞

between manifolds in appropriate Banach spaces. More specifficaly, we es-
tablish here the following two results.

First, given an integer ` ≥ 1, a real number α ∈ (0, 1), and a bounded,
connected and symply-connected open set Ω ⊂ Rn whose boundary is of
class C`+1,α, define the set

C`,α0 (Ω; Sn>) := {C ∈ C`,α(Ω; Sn);
C(x) ∈ Sn> for all x ∈ Ω and Rp

·ijk = 0 in D′(Ω)}.

Then the mapping

F0 : C ∈ C`,α0 (Ω; Sn>) 7→ Θ ∈ C`+1,α(Ω;Rn)

is well defined and is of class C∞ between manifolds of Banach spaces (see
Theorem 1).

Second, given two real numbers m, p > 1 satisfying p(m − 1) > n and a
bounded, connected and simply-connected open set Ω ⊂ Rn whose boundary
is of class Cm+1, define the set

Wm,p
0 (Ω; Sn>) := {C ∈Wm,p(Ω; Sn);

C(x) ∈ Sn> pour tout x ∈ Ω et Rp
·ijk = 0 in D′(Ω)},

where the classes of functions in the Sobolev spaceWm,p(Ω; Sn) are identified
with their continuous representatives. Then the mapping

F0 : C ∈Wm,p
0 (Ω; Sn>) 7→ Θ ∈Wm+1,p(Ω;Rn)

is well defined and is of class C∞ between manifolds of Banach spaces (see
Theorem 2).

Remarks. a) Since the differentiability of functions is not a topological
property, we need to show that the domain of definition of F0 is not merely
a metric space (as a subset of a Banach space) but that it is also a manifold
of class C∞ of a Banach space. This is the reason why the mapping F0
is defined over the set C`,α0 (Ω; Sn>), or over the set Wm,p

0 (Ω; Sn>), instead of

C20(Ω; Sn>) as it is customary.

b) The numbers `, α and m, p are such that the spaces C`,α(Ω; Sn) and
Wm,p(Ω; Sn) are imbedded into the spaceW 1,∞(Ω; Sn) (see Adams [2]). This
is needed in order to show that the mapping F0 is well defined by using the
existence result for isometric immersions of a Riemannian space with little
regularity due to S. Mardare [11] (see Lemma 2 of the next section).



4

c) The regularity of the mapping C 7→ Θ has been studied in the context
of elasticity theory by Ciarlet and Laurent [7] and by Ciarlet and Mardare
[9], with the following motivation. The reference configuration of a body is
given by the image Θ(Ω), where Θ : Ω→ R3 is an embedding defined over
an open and connected subset Ω of R3. If the body is made of a hyperelastic
material, its deformation under the action of external forces is found by
solving the following minimisation problem

min
Φ

{

1

2

∫

Ω
W (x,∇ΦT∇Φ(x))dx− L(Φ)

}

,

where Φ : Ω → R3 varies in the set of all admissible deformations, W :
Ω × S3> → R is the stored function caracterising the material constituting
the body, and L is a given linear form accounting for the applied forces. As
already noted by Antman [4], one possible approach to the existence theory
for such a problem consists in considering the matrix field C = ∇ΦT∇Φ as
the primary unknown, instead of the vector field Φ itself as it is customary
(see Ball [5]). Hence the need arises to study the dependence of the immer-
sion Φ in terms of its metric tensor ∇ΦT∇Φ.

2. Preliminaries

This section gathers the main notations and definitions used in this article,
as well as various preliminary results that will be subsequently needed.

An integer n ≥ 2 is chosen once and for all throughout this article.
It is then understood that Latin indices and exponents vary in the set
{1, 2, . . . , n}, save when they are used for indexing sequences. The sum-
mation convention with respect to repeated indices and exponents is sys-
tematically used in conjunction with this rule.

The notations Mn,An, Sn, Sn>,On, and On
+, respectively designate the sets

of all square matrices, of all antisymmetric matrices, of all symmetric matri-
ces, of all positive-definite symmetric matrices, of all orthogonal matrices,
and of all proper orthogonal matrices, of order n. The notation (aij) des-
ignates the matrix of Mn with aij as its elements, the first index being the
row index. The inner product of two matrices A = (aij) and B = (bij) of
Mn is denoted by A ·B =

∑

ij aijbij ∈ R, while their product is denoted by

AB = (
∑

k aikbkj) ∈ Mn. The spectral norm of a matrix A ∈ Mn is defined
by |A| = sup{|Av|; v ∈ Rn, |v| = 1}, where |v| denotes the Euclidean norm

of the vector v. If A ∈ Sn>, then A1/2 denotes the unique matrix in Sn>
whose square is equal to A.

The coordinates of a point x ∈ Rn are denoted xi and partial derivative
operators of order ` are denoted ∂i1...i` := ∂`/∂xi1 ...∂xi` .

Let Ω be an open subset of Rn. For any integer ` ≥ 1, the space of all
real-valued functions that are ` times continuously differentiable in Ω is de-
noted C`(Ω). The usual Hölder and Sobolev spaces are respectively denoted
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C`,α(Ω) and Wm,p(Ω). Similar definitions hold for the vector-valued spaces
C`(Ω;Rn), C`,α(Ω;Rn), etc., and for the matrix-valued spaces C`(Ω; Sn),
Wm,p(Ω; Sn), etc. Finally, the space of all real-valued distributions defined
over an open set Ω is denoted D′(Ω).

If Θ ∈ C1(Ω;Rn) and x ∈ Ω, the notation ∇Θ(x) denotes the matrix in
Mn whose i-th column is the vector ∂iΘ(x) ∈ Rn. We recall that a map-
ping Θ ∈ C1(Ω;Rn) is an immersion if the matrix ∇Θ(x) is invertible at all
points x ∈ Ω.

The following lemma, whose proof is found in Ciarlet and Mardare [8,
Theorems 2.1 and 4.1], gives a caracterisation of rigid and infinitesimal rigid
immersions:

Lemma 1. Let Θ ∈ C1(Ω;Rn) be a given mapping that satisfies

inf
x∈Ω

(det∇Θ(x)) > 0.

a) Let Φ ∈ H1(Ω;Rn) satisfy det∇Φ > 0 and ∇ΦT∇Φ = ∇ΘT∇Θ

a.e. in Ω. Then there exist a vector c ∈ Rn and a proper orthogonal matrix

R ∈ On
+ such that

Φ(x) = c + RΘ(x) for almost all x ∈ Ω.

b) Let u ∈ H1(Ω;Rn) satisfy ∇ΘT∇u+∇uT∇Θ = 0. Then there exist

a vector c ∈ Rn and an antisymmetric matrix A ∈ An such that

u(x) = c + AΘ(x) for almost all x ∈ Ω.

¤

We also record the following existence result, whose proof is found in S.
Mardare [11, Theorem 4.1].

Lemma 2. Let Ω be a bounded, connected and simply connected open subset

of Rn with a Lipschitz-continuous boundary and let x0 be a given point in

Ω. If C ∈ W 1,∞(Ω; Sn>) is a Riemannian metric whose Riemann curvature

tensor vanishes, then there exists a unique immersion Θ ∈ W 2,∞(Ω;Rn)

that satisfies ∇ΘT∇Θ = C in Ω, Θ(x0) = 0, and ∇Θ(x0) = C1/2(x0).

3. Regularity of the mapping F0

We establish here that the mapping F0 defined in the Introduction is of
class C∞ between manifolds in Hölder, or in Sobolev, spaces (see Theorems 1
and 2 below).

The proof of Theorem 1 is established by means of the following three
lemmas. Given an integer ` ≥ 1 and a real number α ∈ (0, 1), let

Ċ`+1,α(Ω;Rn) = C`+1,α(Ω;Rn)/RΘ
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be the quotient space of C`+1,α(Ω;Rn) by its finite-dimensional subspace
RΘ, where

(1) RΘ := {r : x ∈ Ω 7→ c + AΘ(x); c ∈ Rn,A ∈ An}.

With all these notations, the following inequality of Korn’s type holds:

Lemma 3. Let Ω be a bounded, connected, open subset of Rn with a Lipschitz-

continuous boundary and let Θ ∈ C`+1,α(Ω;Rn) be a given mapping that sat-

isfies inf
x∈Ω

(det∇Θ) > 0. Then there exists a constant C = C(Θ) > 0 such

that

‖v̇‖
Ċ`+1,α(Ω;Rn) ≤ C‖∇ΘT∇v + ∇vT∇Θ‖C`,α(Ω;Sn)

for all v ∈ C`+1,α(Ω;Rn).

Proof. It follows the same ideas as those used to prove the classical Korn
inequality in curvilinear coordinates.

First, we establish a Korn inequality without boundary conditions in the
case where Θ is the identity mapping, namely

(2) ‖v‖C`+1,α(Ω;Rn) ≤ C
{

‖v‖C`,α(Ω;Rn) + ‖∇v + ∇vT ‖C`,α(Ω;Sn)

}

for all v ∈ C`+1,α(Ω;Rn).
Let v ∈ C`,α(Ω;Rn) satisfy (∇v + ∇vT ) ∈ C`,α(Ω; Sn). By using the

relations

2∂ijvk = ∂i(∂jvk + ∂kvj) + ∂j(∂ivk + ∂kvi)− ∂k(∂jvi + ∂ivj),

one can see that the relation (∇v+∇vT ) ∈ C`,α(Ω; Sn) implies that ∂ijvk ∈

C`−1,α(Ω) for all i, j, k. These relations show that v ∈ C`+1,α(Ω;Rn). Con-
sequently, the space

E(Ω) := {v ∈ C`,α(Ω;Rn); ∇v + ∇vT ∈ C`,α(Ω; Sn)}

coincides with the space C`+1,α(Ω;Rn). Since the space E(Ω), endowed with
the norm defined by

‖v‖E(Ω) := ‖v‖C`,α(Ω;Rn) + ‖∇v + ∇vT ‖C`,α(Ω;Sn),

is a Banach space and since the identity mapping from C`+1,α(Ω;Rn) to
E(Ω) is bijective and continuous, the closed graph theorem shows that the
inverse mapping is also continuous. Therefore, there exists a constant C
such that

‖v‖C`+1,α(Ω;Rn) ≤ C‖v‖E(Ω)

for all v ∈ C`+1,α(Ω;Rn), which is exactly the inequality (2).
Second, by arguing as in S. Mardare [10], we establish a Korn inequality

without boundary conditions in the general case, namely

(3) ‖v‖C`+1,α(Ω;Rn) ≤ C
{

‖v‖C`,α(Ω;Rn) + ‖∇ΘT∇v + ∇vT∇Θ‖C`,α(Ω;Sn)

}

for all v ∈ C`+1,α(Ω;Rn).
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Since the mapping Θ is locally injective (as shown by the inverse function
theorem), the set Θ(Ω) is open by the invariance of domain theorem (see.
e.g., Zeidler [12]). Therefore it is a submanifold of Rn. The assumptions on
the set Ω show that there exists a finite atlas for this submanifold defined
by the injective mappings Θj : Ωj → Rn, j ∈ {1, 2, ..., N}, where Θj(x) =
Θ(x) for all x ∈ Ωj and Ωj ⊂ Ω are open sets that satisfy Ω = ∪Nj=1Ωj .

Applying inequality (2) with Ω replaced by Θ(Ωj) shows that, for each
j ∈ {1, 2, ..., N}, there exists a constant Cj > 0 such that

‖v̂j‖C`+1,α(Θ(Ωj);Rn) ≤ Cj

{

‖v̂j‖C`,α(Θ(Ωj);Rn) + ‖∇̂v̂j + ∇̂v̂Tj ‖C`,α(Θ(Ωj);Sn)

}

for all v̂j ∈ C
`+1,α(Θ(Ωj);Rn), where ∇̂ denotes the gradient operator with

respect to the cartesian coordinates in Θ(Ωj). Written in curvilinear coor-
dinates, this inequality reads

‖vj‖C`+1,α(Ωj ;Rn) ≤ Cj

{

‖vj‖C`,α(Ωj ;Rn) + ‖∇ΘT∇vj + ∇vTj ∇Θ‖C`,α(Ω;Sn)

}

for all vj ∈ C
`+1,α(Ωj ;Rn). Inequality (3) is then obtained by adding these

inequalities on j.
Third, we prove the Korn inequality of the Lemma by contradiction (see

S. Mardare [10, Theorem 4.1] for a more general result). Assume on the con-
trary that it is false. Then there exists a sequence (vk)k≥1 in C`+1,α(Ω;Rn)
such that

‖v̇k‖Ċ`+1,α(Ω;Rn) = 1 and

‖∇ΘT∇vk + ∇vTk∇Θ‖C`,α(Ω;Sn) → 0 as k →∞.
(4)

The first relation shows that there exists a sequence (rk)k≥1 in the set RΘ
(defined in (1)) such that the sequence (rk+vk) is bounded in C`+1,α(Ω;Rn).
This allows to extract a subsequence (rj+vj) that is convergent in C

`,α(Ω;Rn).
If w denotes the limit of this subsequence, then

∇ΘT∇(rj + vj) + ∇(rj + vj)
T∇Θ→ ∇ΘT∇w + ∇wT∇Θ

in C`−1,α(Ω; Sn) as j →∞. But the second relation in (4) shows that

∇ΘT∇(rj + vj) + ∇(rj + vj)
T∇Θ→ 0

in C`,α(Ω; Sn) as j →∞.
By the second rigidity result of Lemma 1, these last two relations show

that w belongs to the set RΘ and that

∇ΘT∇(rj + vj) + ∇(rj + vj)
T∇Θ→ ∇ΘT∇w + ∇wT∇Θ

in C`,α(Ω;Rn) as j → ∞. Since we already know that (rj + vj) → w in

C`,α(Ω;Rn), inequality (3) shows that

(rj + vj)→ w in C`+1,α(Ω;Rn).

Hence v̇j → 0̇ in Ċ`+1,α(Ω;Rn) as j → ∞. This contradicts the fact that
‖v̇k‖Ċ`+1,α = 1 for all k (see relations (4)). ¤
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Lemma 4. Let the set Ω and the numbers `, α satisfy the assumptions of

Theorem 1. Then the mapping

f : Θ ∈M 7→∇ΘT∇Θ ∈ C`,α(Ω; Sn),

where

M := {Θ ∈ C`+1,α(Ω;Rn); inf
x∈Ω

(det∇Θ(x)) > 0, Θ(x0) = 0,∇Θ(x0) ∈ Sn>},

is a homeomorphism onto its image f(M) with the relative topology induced
from the Banach space C`,α(Ω; Sn). Moreover, f(M) coincides with the set

C`,α0 (Ω; Sn>) := {C ∈ C`,α(Ω; Sn);
C(x) ∈ Sn> for all x ∈ Ω and Rp

·ijk = 0 in D′(Ω)}

Proof. Notice first that M is an open subset of

V := {u ∈ C`+1,α(Ω;Rn); u(x0) = 0,∇u(x0) ∈ Sn},

itself a closed subspace of the Banach space C`+1,α(Ω;Rn). Hence M is
a submanifold of class C∞ of the Banach space C`+1,α(Ω;Rn) and, for all
Θ ∈M, the tangent space to M at Θ is TΘM = V.

It is obvious that the mapping f is continuous. Since f is also injective
(thanks to the first rigidity result of Lemma 1), it suffices to prove that the
inverse of the mapping

Θ ∈M 7→ ∇ΘT∇Θ ∈ f(M)

is continuous. This is a consequence of the following two observations.
The first one is that

(5) f(M) = C`,α0 (Ω; Sn>),

the latter set being defined in the statement of the Lemma. To prove this
equality, let C = ∇ΘT∇Θ ∈ f(M). This implies that C ∈ C`,α(Ω; Sn) and
also that

{

∇Θ(x)T∇Θ(x)v
}

· v = |∇Θ(x)v|2 > 0

for all v ∈ Rn, v 6= 0, and all x ∈ Ω. Hence C(x) ∈ Sn> for all x ∈ Ω.

Since the Riemann curvature tensor associated with the metric ∇ΘT∇Θ

vanishes in Ω, the field C belongs to the set C`,α0 (Ω; Sn>).
Let now C ∈ C`,α0 (Ω; Sn>). By the assumptions of Theorem 1, the field

C belongs to the set W 1,∞(Ω; Sn>), C−1 ∈ L∞(Ω; Sn), and the components
Rp
·ijk of the Riemann curvature tensor associated with C vanish in the dis-

tributional sense. Then Lemma 2 shows that there exists a unique mapping
Θ ∈W 2,∞(Ω;Rn) that satisfies

∇ΘT∇Θ = C in Ω,Θ(x0) = 0, and ∇Θ(x0) = C(x0)
1/2.
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Consequently, the mapping Θ belongs to the space C1(Ω;Rn) and satisfies

(det∇Θ(x))2 = detC(x) > 0 for all x ∈ Ω, and

det∇Θ(x0) = detC(x0)
1/2 > 0.

The last two relations imply that inf
x∈Ω

(det∇Θ(x)) > 0. Furthermore, if

(6) Γkij =
1

2
gk`(∂igj` + ∂jg`i − ∂`gij), where (gk`) := (gij)

−1,

denote the Christoffel symbols associated to the metric C, then it is well
known that

(7) ∂ijΘ = Γkij∂kΘ in Ω.

Since Γkij ∈ C
`−1,α(Ω) and ∂kΘ ∈ C0(Ω;Rn), we deduce thatΘ ∈ C`+1,α(Ω;Rn).

Hence Θ ∈M.
The second observation is that the mapping

∇ΘT∇Θ ∈ f(M) 7→ Θ ∈M

is continuous. Since f(M) = C`,α0 (Ω; Sn>) (see relation (5)), this continuity
result amounts to the continuity of the mapping F0.

First, by arguing as in Ciarlet and Mardare [9], one can see that the
mapping (with self-explanatory notations)

(8) C ∈ C`0(Ω; Sn>)→ Θ ∈ C`+1(Ω;Rn)

is continuous (see Theorem 5.2 of Ciarlet and Mardare [9] for ` = 2). There-
fore it remains to prove that the mapping

(9) C ∈ C`,α0 (Ω; Sn>)→ ∂`+1Θ ∈ C0,α(Ω;Rn)

is also continuous. Since ∂`+1Θ = ∂`−1(∂ijΘ) for some indices i, j ∈
{1, 2, ..., n}, we infer from relation (7) that

∂`+1Θ = ∂`−1
(

Γkij∂kΘ
)

.

Hence, in order to establish the continuity of the mapping defined by (9), it
suffices to prove the continuity of the following two mappings

C ∈ C`,α0 (Ω; Sn>)→ Θ ∈ C`,α(Ω;Rn)

and
C ∈ C`,α0 (Ω; Sn>)→ Γkij ∈ C

`−1,α(Ω;Rn).

But the continuity of the first mapping is a consequence of the continuity
of the mapping defined by (8) and the continuity of the second mapping
follows from the definition (6) of the Christoffel symbols together with the
continuity of the mapping

C ∈ C`,α(Ω; Sn>)→ C−1 ∈ C`,α(Ω; Sn>).
This completes the proof of the lemma. ¤
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Lemma 5. The mapping f defined in Lemma 4 is an immersion.

Proof. It suffices to prove that, for every Θ ∈ M, the tangent mapping
of f at Θ, namely

TΘf : u ∈ V 7→ e(u) := (∇ΘT∇u + ∇uT∇Θ) ∈ C`,α(Ω; Sn),

is injective with closed split range in C`,α(Ω; Sn) (see Abraham, Marsden
and Ratiu [1, Definition 3.5.6]).

That the tangent mapping TΘf is injective is a consequence of the second
rigidity result of Lemma 1.

The mapping TΘf has a closed split range in C`,α(Ω; Sn) if its image

A := {e(u); u ∈ V},

is a closed subset of the space C`,α(Ω; Sn) and if there exists a closed subspace
B of the space C`,α(Ω; Sn) such that A ∩ B = {0} and A+ B = C`,α(Ω; Sn)
(see Abraham, Marsden and Ratiu [1, Definition 2.1.14]). The fact that A
is a closed set is a consequence of the first Korn inequality of Lemma 3.
Finally, let

B := {C ∈ C`,α(Ω; Sn);
∫

Ω
C · e(v)dx = 0 ∀v ∈ V}.

It is easy to show that B is a closed set and that A ∩ B = {0}. In order to
show that A+ B = C`,α(Ω; Sn), let C ∈ C`,α(Ω; Sn) be fixed, but otherwise

arbitrary, and define u̇ ∈ Ḣ1(Ω;Rn) (u̇ is the equivalence class modulo the
elements of the set RΘ defined by relation (1)) by

∫

Ω
e(u̇) · e(v̇)dx =

∫

Ω
C · e(v̇)dx for all v̇ ∈ Ḣ1(Ω;Rn).

By using the regularity of solutions to elliptic systems of partial differential
equations (see Agmon, Douglis & Niremberg [3]) and by reasoning as in

Ciarlet [6, Theorem 6.3-6], one can see that u̇ ∈ Ċ`+1,α(Ω;Rn). By choosing
the representative û of u̇ defined by

û : x ∈ Ω 7→ u(x)− u(x0)−

(

∇u(x0)−∇u(x0)
T

2
∇Θ(x0)

−1

)

Θ(x),

we obtain that e(û) ∈ A. The definition of u̇ then implies that (C − e(û))
belongs to the set B, so that C = e(û) + (C − e(û)) belongs to the set
(A+ B). ¤

We are now in a position to prove that the mapping F0 is of class C∞

between manifolds in Hölder spaces.

Theorem 1. Let there be given an integer ` ≥ 1 and a real number α ∈
(0, 1). Let Ω ⊂ Rn be a bounded, connected and symply-connected open set



11

whose boundary is of class C`+1,α. Then the set

C`,α0 (Ω; Sn>) := {C ∈ C`,α(Ω; Sn);
C(x) ∈ Sn> for all x ∈ Ω and Rp

·ijk = 0 in D′(Ω)}

is a submanifold of class C∞ of the Banach space C`,α(Ω; Sn) and the map-

ping

F0 : C ∈ C`,α0 (Ω; Sn>) 7→ Θ ∈ C`+1,α(Ω;Rn)

is well defined and is of class C∞ between manifolds of Banach spaces.

Proof. Lemmas 4 and 5 show that the mapping

f : Θ ∈M 7→∇ΘT∇Θ ∈ C`,α(Ω; Sn),
where M is the manifold defined in Lemma 4, is an embedding. Hence its
image f(M) is a submanifold of the Banach space C`,α(Ω; Sn) (see, e.g.,
Abraham, Marsden & Ratiu [1, page 201] for the definition of submanifolds
of a Banach space). This submanifold is of class C∞, because f is of class
C∞.

Applying the inverse function theorem (see Abraham, Marsden & Ratiu
[1, Theorem 3.5.1]), we next deduce that the mapping

f−1 : f(M)→M

is of class C∞. Hence the mapping

i ◦ f−1 : f(M)→ C`+1,α(Ω;Rn),

where i denotes the canonical injection of M into C`+1,α(Ω;Rn) is also of
class C∞.

Since the set f(M) coincides with the set C`,α0 (Ω; Sn>) defined in Theo-

rem 1 (see Lemma 4), we have F0 = i ◦ f−1. This completes the proof of
Theorem 1. ¤

In what follows, the classes of functions in the Sobolev space Wm,p(Ω)
are identified with their continuous representatives (whose existence and
uniqueness follow from the Sobolev imbedding theorem). The next theo-
rem establishes the C∞-regularity of the mapping F0 between manifolds in
Sobolev spaces:

Theorem 2. Let there be given two real numbers m, p > 1 satisfying p(m−
1) > n. Let Ω ⊂ Rn be a bounded, connected and simply-connected open set

whose boundary is of class Cm+1. Then the set

Wm,p
0 (Ω; Sn>) := {C ∈Wm,p(Ω; Sn);

C(x) ∈ Sn> pour tout x ∈ Ω et Rp
·ijk = 0 in D′(Ω)}

is a submanifold of class C∞ of the Banach space Wm,p(Ω; Sn) and the map-
ping

F0 : C ∈Wm,p
0 (Ω; Sn>) 7→ Θ ∈Wm+1,p(Ω;Rn)
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is well defined and is of class C∞ between manifolds of Banach spaces.

Proof. It relies on the following three lemmas, whose proofs are similar
to those of Lemmas 3 to 5 and for this reason are omitted.

Lemma 6. Let Ω be a bounded, connected, open subset of Rn with a Lipschitz-

continuous boundary, let the numbers m, p satisfy the assumptions of The-

orem 2, and let Θ ∈ Wm+1,p(Ω;Rn) be a given mapping that satisfies

inf
x∈Ω

(det∇Θ) > 0. Then there exists a constant C > 0 such that

‖v̇‖Ẇm+1,p(Ω;Rn) ≤ C‖∇ΘT∇v + ∇vT∇Θ‖Wm,p(Ω;Sn)

for all v ∈Wm+1,p(Ω;Rn), where

Ẇm+1,p(Ω;Rn) =Wm+1,p(Ω;Rn)/RΘ

is the quotient space of Wm+1,p(Ω;Rn) by its finite-dimensional subspace

RΘ defined by

RΘ := {r : x ∈ Ω 7→ c + AΘ(x); c ∈ Rn,A ∈ An}.

Lemma 7. Let the set Ω and the numbers m, p satisfy the assumptions of

Theorem 2 and let

M := {Θ ∈Wm+1,p(Ω;Rn); inf
x∈Ω

(det∇Θ(x)) > 0, Θ(x0) = 0,∇Θ(x0) ∈ Sn>}.

Then the mapping

f : Θ ∈M 7→ ∇ΘT∇Θ ∈Wm,p(Ω; Sn)
is a homeomorphism onto its image f(M) with the relative topology induced
from the Banach space Wm,p(Ω; Sn). Moreover, f(M) coincides with the

set Wm,p
0 (Ω; Sn>) defined in Theorem 2.

Lemma 8. The mapping f defined in the previous Lemma is an immersion.
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