
Multilevel Optimized Schwarz Methods

Without Overlap for Highly Heterogeneous

Media

Yvon Maday∗ Frédéric Magoulès†

25 March 2005

∗Laboratoire Jacques-Louis Lions, Université Pierre et Marie Curie, BP 187, 75252 Paris
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les-Nancy Cedex, France, frederic.magoules@iecn.u-nancy.fr

1



Abstract

In this paper an original variant of the Schwarz domain decomposition method

is introduced for heterogeneous media. This method uses new optimized ’ab-

sorbing’ interface conditions specially designed to take into account the het-

erogeneity between the sub-domains on each sides of the interfaces. Numerical

experiments illustrate the dependency of the proposed method upon several

parameters, and confirm the robustness and efficiency of this method based

on such ’absorbing’ interface conditions. Several mesh partitions taking into

account multiple cross points are considered in these experiments.

Keywords

heterogeneous media, domain decomposition method, Schwarz algorithm, ’ab-

sorbing’ interface condition, coarse space correction

Résumé

Dans ce papier, une variante originale de la méthode de Schwarz est in-

troduite pour traiter le cas de milieux hétérogènes. Cette méthode utilise

de nouvelles conditions d’interfaces dites ’absorbantes’ spécialement conçues

pour tenir compte de l’hétérogénéité du milieu entre les sous-domaines. Des

expériences numériques illustrent la dépendance de la méthode proposée en

fonction de nombreux paramètres, et confirment la robustesse et l’efficacité de

cette méthode basée sur de telles conditions d’interfaces. Plusieurs configura-

tions de découpage en sous-domaines, faisant notamment apparâıtre des coins,

sont considérées dans ces expériences.

Mots clefs

milieu hétérogène, méthode de décomposition de domaine, algorithme de

Schwarz, conditions d’interfaces ’absorbantes’, espace grossier
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1 Introduction

The classical Schwarz algorithm [1, 2] has a long history. Several variants of
this algorithm have been developed and analyzed these last twenty years [3,
4, 5]. Both overlapping and non-overlapping Schwarz algorithms have been
designed [6, 7, 8] for a wide range of equations. Several preconditioning tech-
niques have been investigated, as interface conditions [9, 10, 11], Aitken like
methods [12, 13, 14], coarse space correction [15, 16, 17, 18, 19, 20]. Recent
areas of interests concern the improvement of these methods for highly hetero-
geneous media [21, 22, 23].

The interface conditions of the Schwarz algorithm without overlap have
a strong influence on the convergence of the algorithm. Optimal interface
conditions which lead to the best possible convergence of the Schwarz algorithm
can be derived, and are linked with the Steklov-Poincaré operator [24, 25,
26]. These optimal interface conditions however are non-local in nature and
several works continue to be investigated in order to use them efficiently in
numerical simulations [27]. Other approaches consist in approximating these
optimal interface conditions with local operators. These local operators could
then be optimized for performance of the Schwarz algorithm, similar to the
previous works performed on other equations [24, 28, 25, 26]. When dealing
with heterogeneous media, the heterogeneity of the media between two sub-
domains requires a special treatment. For this purpose, several techniques to
design efficient and original interface conditions are here investigated.

The structure of this paper is the following. Section 2 presents the analysis
of the Schwarz algorithm with ’absorbing’ interface conditions in the Fourier
space. The optimal convergence property of this algorithm is presented, and
the optimal interface conditions are derived. Section 3 presents three tech-
niques to design efficient approximations of these optimal interface conditions.
These techniques are based on the optimization of the convergence rate of the
Schwarz algorithm. An original and rigorous theoretical analysis of the associ-
ated optimization problem is performed. Two of these techniques are specially
designed to take into account the heterogeneity of the media on the interfaces,
and lead to impressive convergence results. Section 4 presents the discretiza-
tion and the linear system condensed on the interface. This linear system is
solved iteratively with a Krylov method. Section 5 introduces an additional
coarse space correction in this iterative method to take into account the de-
pendancy in the number of sub-domains. Section 6 shows some numerical ex-
periments and illustrates the convergence of the Schwarz algorithm equipped
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with these new interface conditions. Even though all the optimizations are
performed on a model problem in the whole plane, the derived optimized in-
terface conditions can be used for general decompositions, as illustrated in
the numerical experiments. The case of cross-points i.e. points where more
than two sub-domains intersect, is presented too. Finally, in Section 7 the
conclusion of this paper is presented.

2 The Schwarz Method with ’Absorbing’ In-

terface Conditions

The following equation in an heterogenous media is considered

(−∇ � (µ∇)) u(x, y) = f(x, y), x, y ∈ Ω

in the domain Ω = R
2 with the condition at infinity,

lim
r→∞

u = 0,

where r =
√

x2 + y2 and µ ∈ R
+. The domain Ω is decomposed into two

non-overlapping sub-domains Ω(1) = (−∞, 0] × R and Ω(2) = [0,∞) × R. The
Schwarz algorithm with ’absorbing’ interface condition reads

(
−∇ � (µ(1)∇)

)
u

(1)
n+1(x, y) = f(x, y), x, y ∈ Ω(1) (2.1)(

µ(1)∂x + A(1)
)
u

(1)
n+1(0, y) =

(
µ(2)∂x + A(1)

)
u(2)

n (0, y) (2.2)





(
−∇ � (µ(2)∇)

)
u

(2)
n+1(x, y) = f(x, y), x, y ∈ Ω(2) (2.3)(

µ(2)∂x + A(2)
)
u

(2)
n+1(0, y) =

(
µ(1)∂x + A(2)

)
u(1)

n (0, y) (2.4)





where n represents the iteration parameter. The operators A(1) and A(2) are to
be determined for the best performance of the algorithm. They are obtained
in order to minimize the convergence rate of the algorithm.

To analyze the convergence, it suffices to consider by linearity the case
of f(x, y) = 0 and to analyze the convergence to zero. For this purpose the
Fourier transform is used in the y direction defined for a function g by

ĝ(x, k) =

∫ +∞

−∞

e−iky g(x, y) dy
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and applied to the systems of equations (2.1) to (2.4). For simplicity the
coefficient µ is assumed to be constant per sub-domains. In this case the
following is obtained:

(
−µ(1)∂2

xx + µ(1)k2
)
û

(1)
n+1(x, k) = 0, x < 0, k ∈ R (2.5)(

µ(1)∂x + Θ(1)
)
û

(1)
n+1(0, k) =

(
µ(2)∂x + Θ(1)

)
û(2)

n (0, k) (2.6)





(
−µ(2)∂2

xx + µ(2)k2
)
û

(2)
n+1(x, k) = 0, x > 0, k ∈ R (2.7)(

µ(2)∂x + Θ(2)
)
û

(2)
n+1(0, k) =

(
µ(1)∂x + Θ(2)

)
û(1)

n (0, k) (2.8)





where Θ(s)(k), s = 1, 2 denotes the symbol of operator A(s) and k is the
Fourier variable, also called frequency. The general solution of these ordinary
differential equations is

û
(s)
n+1(x, k) = A(s) eΛ(s)(k) x + B(s) e−Λ(s)(k) x, s = 1, 2

where Λ(s)(k) = |k|, denotes the root of the characteristic equation

−µ(s)(Λ(s)(k))2 + µ(s)k2 = 0.

Taking into account the condition at infinity, the solutions are

û
(1)
n+1(x, k) = û

(1)
n+1(0, k) eΛ(1)(k) x

û
(2)
n+1(x, k) = û

(2)
n+1(0, k) e−Λ(2)(k) x.

Using the interface conditions and the fact that

∂xû
(1)
n+1(x, k) = Λ(1)(k) û

(1)
n+1(x, k)

∂xû
(2)
n+1(x, k) = −Λ(2)(k) û

(2)
n+1(x, k)

the following is obtained

û
(1)
n+1(x, k) = û(2)

n (0, k)
−µ(2)Λ(2)(k) + Θ(1)(k)

µ(1)Λ(1)(k) + Θ(1)(k)
eΛ(1)(k) x

û
(2)
n+1(x, k) = û(1)

n (0, k)
µ(1)Λ(1)(k) + Θ(2)(k)

−µ(2)Λ(2)(k) + Θ(2)(k)
e−Λ(2)(k) x,
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where Θ(1)(k) and Θ(2)(k) are assumed to be with real value. Evaluating the
second equation at x = 0 for iteration n and inserting it into the first equation,
the following can be stated after evaluating it again at x = 0

û
(1)
n+1(0, k) = û

(1)
n−1(0, k)

−µ(2)Λ(2)(k) + Θ(1)(k)

µ(1)Λ(1)(k) + Θ(1)(k)

µ(1)Λ(1)(k) + Θ(2)(k)

−µ(2)Λ(2)(k) + Θ(2)(k)
.

Defining the convergence rate κ(k) by

κ(k) =
µ(2)Λ(2)(k) − Θ(1)(k)

µ(1)Λ(1)(k) + Θ(1)(k)

µ(1)Λ(1)(k) + Θ(2)(k)

µ(2)Λ(2)(k) − Θ(2)(k)
. (2.9)

it can be found by induction that

û
(1)
n+1(0, k) = κ(k) û

(1)
n−1(0, k),

and by a similar calculation on the second sub-domain

û
(2)
n+1(0, k) = κ(k) û

(2)
n−1(0, k).

The selection of the most appropriate operators Θ(1) and Θ(2) is now given by
the following theorem.

Theorem 2.1 (Optimal ’Absorbing’ Interface Conditions) With the
following selection

Θ(1)(k) = µ(2)Λ(2)(k), Θ(2)(k) = −µ(1)Λ(1)(k)

the Schwarz algorithm defined by equations (2.5)-(2.8) converges in two itera-
tions.

Proof 2.1 Substitution of Θ(1)(k) = µ(2)Λ(2)(k) and Θ(2)(k) = −µ(1)Λ(1)(k)
in the expression of the convergence rate (2.9), leads to κ(k) = 0 and the
algorithm converges in two steps independently of the initial estimate.

This optimal selection of the operators Θ(1) and Θ(2) in the Fourier space,
leads to the convergence of the algorithm in two iterations. This choice cor-
responds to A(1) and A(2) in the physical space, equal to Steklov-Poincaré
operators. Such operators are non-local by definition. Several research have
been carried out these last ten years in order to use efficiently such operators in
numerical simulation [27]. Other approaches consist of building local approxi-
mation of these optimal operators, as done in the previous works [24, 28, 25, 26]
for other equations.
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3 Optimized ’Absorbing’ Interface Conditions

In this section, the non-local optimal operators, involving the symbol |k| in the
Fourier space, are approximated by some constants, which represent differential
operators in the physical space and are thus local.

Different techniques of approximation have been analyzed in the recent
years for other equations. The first results presented in references [29, 30]
for the Helmholtz equation, use a simple zero order Taylor expansion of the
Steklov-Poincaré operator, i.e. Θ(s)(k) is a constant independant of k. In ref-
erence [25] for the Euler equations, in reference [26] for the Maxwell equation,
and in references [31, 28] for the Helmholtz equation, the constant is designed
through an optimization procedure. They are selected in such a way that they
minimize the convergence rate of the Schwarz algorithm. Later, more complex
optimization procedures have been developed [26, 25, 24] based on second or-
der Taylor expansion and involve polynomial expressions of degree two upon
the variable k in the Fourier space, which represent tangential differential op-
erators in the physical space.

Using these interface conditions in the Schwarz algorithm, can be inter-
preted [32] as a local preconditioning technique. Other preconditioning tech-
niques, like the Aitken method [12, 13, 14], optimize the trace of the Fourier
modes on the interface.

In the following sub-sections, the optimal operators are approximated by
some constants in the Fourier space, which lead to Robin interface conditions
in the physical space. Several approaches to define these Robin interface con-
dition are investigated in the next sub-section.

3.1 One Parameter Based Robin Interface Conditions

The simplest approximation of the optimal operators consists in the following
local operators:

Θ(1)(k) = α, Θ(2)(k) = −α. (3.1)

with α ∈ R
+. Inserting these approximations into the convergence rate gives

κ(α, k) =
µ(2)|k| − α

µ(1)|k| + α

µ(1)|k| − α

µ(2)|k| + α
. (3.2)
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Similar to the previous works for the Helmholtz equation [24, 31, 28], the
optimal parameter α is obtained from the optimization problem:

min
α∈R+

(
max

k∈(kmin, kmax)
|κ(α, k)|

)
(3.3)

where kmin denotes the smallest frequency relevant to the sub-domain and kmax

denotes the largest frequency supported by the numerical grid. This largest
frequency is of the order π/h for finite elements discretization. Due to the
symmetry of the function |κ(α, k)| upon the variable k, only positive frequen-
cies are considered in the optimization problem, i.e. 0 < kmin ≤ k ≤ kmax.
Several Lemmas are now introduced to analyze the optimization problem.

Lemma 3.1 Under the assumptions

1 ≤ µ(1) < µ(2), and 0 < kmin < α̃ < kmax,

and if α̃ is supposed to be known, the function |κ(α̃, k)| defined for k ∈ (kmin, kmax),
reaches its minimum at the frequencies k∗ = α̃

µ(1) and k∗ = α̃

µ(2) .

Proof 3.1 Substituting Θ(1) and Θ(2) given by (3.1) in the expression of the
convergence rate (2.9) gives κ(α̃, k). It is clear that |κ(α̃, k)| vanishes only
for the frequency k∗ = α̃

µ(1) and for the frequency k∗ = α̃

µ(2) . Because the

function |κ(α̃, k)| takes positive value only, these two frequencies are obviously
the frequencies where the function reaches its minimum.

Lemma 3.2 Under the assumptions

1 ≤ µ(1) < µ(2), and 0 < kmin < α̃ < kmax, (3.4)

and if α̃ is supposed to be known, the function |κ(α̃, k)| defined for k ∈ (kmin, kmax)
reaches its maximum either at the frequency k∗ = kmin, k∗ = α̃√

µ(1)µ(2)
, or

k∗ = kmax.

Proof 3.2 The derivative of the function |κ(α̃, k)| upon the variable k can be
computed as:

κk(α̃, k) = 2sign

(
(µ(2)k − α̃)(µ(1)k − α̃)

(µ(1)k + α̃)(µ(2)k + α̃)

)
α̃(µ(1) + µ(2))(µ(1)µ(2)k2 − α̃2)

(µ(1)k + α̃)2(µ(2)k + α̃)2
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where sign(.) denotes the sign function. This expression vanishes for k∗ =
α̃√

µ(1)µ(2)
. The sign of the function κk(α̃, k) can then be analyzed as follows:

κk(α̃, k) < 0, for k ∈ (kmin,
α̃

µ(2)
) (3.5)

κk(α̃, k) > 0, for k ∈ (
α̃

µ(2)
,

α̃√
µ(1)µ(2)

) (3.6)

κk(α̃, k) = 0, for k =
α̃√

µ(1)µ(2)
(3.7)

κk(α̃, k) < 0, for k ∈ (
α̃√

µ(1)µ(2)
,

α̃

µ(1)
) (3.8)

κk(α̃, k) > 0, for k ∈ (
α̃

µ(1)
, kmax). (3.9)





From the previous analysis, and because |κ(α̃, k)| is a continuous function, the
maximum is achieved at one of the frequencies k∗ = kmin, k∗ = α̃√

µ(1)µ(2)
, or

k∗ = kmax.

From Lemma 3.2, the maximum of the function |κ(α, k)| is reached at one
of the following frequencies: kmin,

α√
µ(1)µ(2)

, or kmax. The maximum is thus

equal to one of the following values:

|κ(α, kmin)| =

∣∣∣∣
µ(2)kmin − α

µ(1)kmin + α

µ(1)kmin − α

µ(2)kmin + α

∣∣∣∣ (3.10)

|κ(α,
α√

µ(1)µ(2)
)| =

∣∣∣∣∣
(−µ(2) +

√
µ(1)µ(2))(−µ(1) +

√
µ(1)µ(2))|

(µ(1) +
√

µ(1)µ(2))(µ(2) +
√

µ(1)µ(2))

∣∣∣∣∣ (3.11)

|κ(α, kmax)| =

∣∣∣∣
µ(2)kmax − α

µ(1)kmax + α

µ(1)kmax − α

µ(2)kmax + α

∣∣∣∣ . (3.12)





Under the assumptions of Lemma 3.2, the min-max problem reduces to:

min
α∈(kmin, kmax)

(
max

(
|κ(α, kmin)|, |κ(α,

α√
µ(1)µ(2)

)|, |κ(α, kmax)|
))

which makes this optimization problem very easy to solve numerically. As
illustrated in the following example with the parameters h = 1/400, µ(1) = 1
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0,4

600 1000800
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k 1000 1200

0,8

1200

1

Figure 1: Convergence rate upon the frequency and the parameter to be opti-
mized for Θ(1) = −Θ(2) = α. (h = 1/400, µ(1) = 1, µ(2) = 102).
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and µ(2) = 102, there may not be an unique solution to this min-max problem.
The function |κ(α, k)| is represented upon the parameter α and the frequency k
in the Figure 1. The maximum of the function |κ(α, k)| over the considered fre-
quencies (kmin, kmax) is represented upon the parameter α in the Figure 2. As

alpha

12001000800

max(kappa)

600

1

0,8

400

0,6

0,4

200

0,2

0

Figure 2: Maximum of the convergence rate upon the parameter to be opti-
mized for Θ(1) = −Θ(2) = α. (h = 1/400, µ(1) = 1, µ(2) = 102).

shown in this Figure there is not an unique solution to the optimization prob-
lem. This optimal parameter was found to be left bounded by α∗ = 255.3527
which gives an overall convergence rate κ∗ = 0.6693. The optimized conver-
gence rate associated to this optimal parameter is presented in the Figure 3.

Remark 3.1 The analytic expression of one of the solution of the min-max
problem is not straightforward and is still under current investigation. For this
reason, a numerical optimization procedure will be performed in the numerical
experiments section to find one optimal parameter.
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Figure 3: Optimized convergence rate upon the frequency for Θ(1) = −Θ(2) =
α∗. (h = 1/400, µ(1) = 1, µ(2) = 102).
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3.2 One and Half Parameter Based Robin Interface Con-
ditions

The expression of the optimal operators suggests to approximate these non-
local operators in such a way that the property of the heterogeneity of the me-
dia remains in the expression of the local approximations. If a single constant
is used to approximate these optimal operators, the following approximations

Θ(1)(k) = µ(2)α, Θ(2)(k) = −µ(1)α, (3.13)

with α ∈ R
+, reflects the heterogeneity of the media. In this case, how to

choose the optimal parameter α is given by the following:

Theorem 3.1 (Optimized Robin Interface Conditions) Under the assump-
tions

0 < µ(1) < µ(2), and 0 < kmin < α < kmax, (3.14)

the solution of the min-max problem (3.3) with Θ(1) and Θ(2) given by (3.13)
rather than (3.1) is unique and the optimal parameter is given by

α∗ =
√

kminkmax. (3.15)

The optimized convergence rate (2.9) is then given by

max
k∈(kmin,kmax)

κ(α∗, k) =

(
−µ(2)kmin + µ(2)

√
kminkmax

)
(
µ(1)kmin + µ(2)

√
kminkmax

)
(
µ(1)kmin − µ(1)

√
kminkmax

)
(
−µ(2)kmin − µ(1)

√
kminkmax

) .

(3.16)

To prove Theorem 3.1 several Lemmas are now introduced.

Lemma 3.3 Under the assumptions

0 < kmin < α̃ < kmax, (3.17)

and if α̃ is supposed to be known, the function |κ(α̃, k)| defined for k ∈ (kmin, kmax),
reaches its minimum at the frequency k∗ = α̃.

Proof 3.3 Substituting Θ(1) and Θ(2) given by (3.13) in the expression of the
convergence rate (2.9) leads to:

|κ(α̃, k)| =

∣∣∣∣
µ(1)µ(2)(−k + α̃)2

(µ(1)k + µ(2)α̃)(µ(2)k + µ(1)α̃)

∣∣∣∣ .

It is clear that |κ(α̃, k)| vanishes for the frequency k∗ = α̃. Because the function
|κ(α̃, k)| takes positive value only, the frequency k∗ is obviously the frequency
where the function reaches its minimum.
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Lemma 3.4 Under the assumptions

0 < µ(1) < µ(2), and 0 < kmin < α̃ < kmax, (3.18)

and if α̃ is supposed to be known, the function |κ(α̃, k)| defined for k ∈ (kmin, kmax)
reaches its maximum either at the frequency k∗ = kmin or at the frequency
k∗ = kmax.

Proof 3.4 The derivative of the function |κ(α̃, k)| upon the variable k can be
computed as:

κk(α̃, k) =
−µ(1)µ(2)(−k + α̃)α̃(µ(1) + µ(2))2(k + α̃)

(µ(1)k + µ(2)α̃)2(µ(2)k + µ(1)α̃)2

The sign of the function κk(α̃, k) can be analyzed:

κk(α̃, k) < 0, for k ∈ (kmin, α̃) (3.19)
κk(α̃, k) = 0, for k = α̃ (3.20)
κk(α̃, k) > 0, for k ∈ (α̃, kmax). (3.21)





From the previous analysis, and because |κ(α̃, k)| is a continuous function,
it is clear, that the maximum is obtained at the extremum of the domain of
definition, i.e. either at the frequency k∗ = kmin or at the frequency k∗ = kmax.

Proof 3.5 (of Theorem 3.1) From Lemma 3.4, the maximum of the func-
tion |κ(α, k)| upon the variable k is obtained either at the frequency kmin or
at the frequency kmax. In order to find the optimal parameter α∗, solution of
the min-max problem, the quantities |κ(α, kmin)| and |κ(α, kmax)| are analyzed
upon the value taken by the variable α.

For a given frequency k̃, the derivative of the function |κ(α, k̃)| upon the
variable α can be expressed as:

κα(α, k̃) =
µ(1)µ(2)(−k̃ + α)k̃

(
(µ(1) + µ(2))2α + (µ(1) + µ(2))2k̃

)

(µ(1)k̃ + µ(2)α)2(µ(2)k̃ + µ(1)α)2
.

The sign of this function can be analyzed and leads to:

κα(α, k̃) < 0, for α ∈ (0, k̃) (3.22)

κα(α, k̃) = 0, for α = k̃ (3.23)

κα(α, k̃) > 0, for α ∈ (k̃, +∞). (3.24)
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From the previous analysis and the assumption kmin < α, it follows that the
function |κ(α, kmin)| increases for α ∈ (kmin, kmax), from 0 up to |κ(kmax, kmin)|.
The same argument with α < kmax implies that the function |κ(α, kmax)| de-
creases for α ∈ (kmin, kmax), from |κ(kmin, kmax)| down to 0. Their respective
graphs obviously intersect when |κ(α∗, kmin)| = |κ(α∗, kmax)|; this leads to the
value α∗ =

√
kminkmax. For this value of the parameter α, the quantity

max (|κ(α, kmin)|, |κ(α, kmax|))

is minimum, which means that α∗ is solution of the min-max problem (3.3).
As a summary, the maximum of the function |κ(α, k)| is reached at one

of the following frequency: kmin or kmax. The value of the maximum of the
function |κ(α, k)| is then given by:

|κ(α, kmax)| =

∣∣∣∣
µ(2)kmax − α

µ(1)kmax + α

µ(1)kmax − α

µ(2)kmax + α

∣∣∣∣ , if α <
√

kminkmax (3.25)

|κ(α, kmax)| = |κ(α, kmin)|, if α =
√

kminkmax (3.26)

|κ(α, kmin)| =

∣∣∣∣
µ(2)kmin − α

µ(1)kmin + α

µ(1)kmin − α

µ(2)kmin + α

∣∣∣∣ , if α >
√

kminkmax. (3.27)





Substituting in the expression of the convergence rate, the coefficient α by its
optimal value α∗ =

√
kminkmax gives:

(−µ(2)kmin + µ(2)
√

kminkmax)(µ
(1)kmin − µ(1)

√
kminkmax)

(µ(1)kmin + µ(2)
√

kminkmax)(−µ(2)kmin − µ(1)
√

kminkmax)
, (3.28)

which leads to the stated result.

Remark 3.2 It should be noticed that preliminary works [14] have used this
optimal parameter, as derived from the analysis of fluid flow in homogeneous
media [23] in the particular case of saturated porous media. Here, the origi-
nality leads in the demonstration of this optimal parameter directly from the
initial equation in heterogeneous media.

Theorem 3.2 The asymptotic convergence rate (2.9) of the non-overlapping
Schwarz method with optimized Robin interface conditions discretized with
mesh parameter h is given by

κ = 1 −
(

2 − µ(1)

µ(2)
− µ(2)

µ(1)

)√
kmin

√
h

π
+ O(h). (3.29)
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Proof 3.6 Since on a numerical grid with grid spacing h the highest frequen-
cies representable are of the order kmax = π/h, the computation of the ex-
pansion in h of the optimized convergence rate |κ(α∗, k)| given in (3.28) for
kmax = π/h, leads to the stated result.

Theorem 3.3 Under the assumption

0 < µ(1) � µ(2),

the non-overlapping Schwarz method with optimized Robin interface conditions
chosen according to (3.15) has an asymptotic convergence rate:

κ =
(−kmin +

√
kminkmax)

2

kmin

√
kminkmax

µ(1)

µ(2)
+ O

(
µ(1)2

µ(2)2

)
. (3.30)

Proof 3.7 The expansion in h of the optimized convergence rate |κ(α∗, k)|
given in (3.28) when µ(2) tends to infinite, leads to the stated result.

Remark 3.3 The previous Theorem implies that increasing the heterogeneity
between the sub-domains, decreases the convergence rate of the Schwarz algo-
rithm if the mesh parameter remains fixed! This is confirmed by the numerical

experiments. If we refine the mesh together with µ(1)

µ(2) → 0, we deduce from
Theorem 3.2 that the convergence rate remains about constant if h scales like

(µ(1)

µ(2) )
2.

Figure 4 shows the convergence rate obtained for a model problem on the
unit square with two sub-domains for µ(1) = 1, µ(2) = 102 and h = 1/400.
Figure 5 shows the maximum of the convergence rate upon the parameter α
to be optimized.

The optimal parameter was found to be α∗ = 35.2211 which gives an overall
convergence rate κ∗ = 0.2484. Figure 6 shows the optimized convergence rate
associated to this optimal parameter. The average optimized convergence rate
described in this sub-section is lower than the optimized convergence rate de-
scribed in the previous sub-section. Even though only one parameter is used
to determine this optimized coefficient, thanks to the fact that the hetero-
geneity of the media has been taken into account in the local approximations.
This makes this optimization procedure more suitable for highly heterogeneous
media.
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Figure 4: Convergence rate upon the frequency and the parameter to be opti-
mized for Θ(1) = µ(2)α and Θ(2) = −µ(1)α. (h = 1/400, µ(1) = 1, µ(2) = 102).
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Figure 5: Maximum of the convergence rate upon the parameter to be opti-
mized for Θ(1) = µ(2)α and Θ(2) = −µ(1)α. (h = 1/400, µ(1) = 1, µ(2) = 102).
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Figure 6: Optimized convergence rate upon the frequency for Θ(1) = µ(2)α∗,
Θ(2) = −µ(1)α∗. (h = 1/400, µ(1) = 1, µ(2) = 102).
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3.3 Two Parameters Based Robin Interface Conditions

Due to the heterogeneity of the media, it may be interesting to consider even
more different local approximations of the optimal operators on each side of
the interface. The following approximations are now considered, based on a
generalization of (3.13) that process already the good scaling:

Θ(1) = µ(2)α, Θ(2) = −µ(1)β (3.31)

with α ∈ R
+ and β ∈ R

+. Substituting Θ(1) and Θ(2) in the expression of the
convergence rate (2.9) leads to the optimization problem:

min
α,β∈R+×R+

(
max

k∈(kmin,kmax)

∣∣∣∣
µ(2)|k| − µ(2)α

µ(1)|k| + µ(2)α

µ(1)|k| − µ(1)β

µ(2)|k| + µ(1)β

∣∣∣∣
)

.

Using two parameters α and β for the optimization problem complicates sig-
nificantly the analysis. The determination of the analytical expression of the
optimal parameters is still under current investigation, and here these param-
eters will be obtained trough numerical optimization.

As an example we consider the parameters µ(1) = 1, µ(2) = 102, and h =
1/400. The maximum value of the function |κ(α, β, k)| over the considered
frequencies (kmin, kmax) is represented upon the parameters α and β in the
Figure 7.

The optimal parameters were found to be α∗ = 657.2791 and β∗ = 1.887
which gives an overall convergence rate κ∗ = 0.008947. It is interesting to
notice that the scaling is even increased with the relation (3.31), which was
not obvious. Figure 8 shows the optimized convergence rate associated with
these optimal parameters. It is important to notice the scale of the vertical
axis which differs from the previous Figures. The optimized convergence rate
is indeed much lower than the optimized convergence rate obtained in the
previous sub-sections.
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Figure 7: Maximum of the convergence rate upon the parameter to be opti-
mized for Θ(1) = µ(2)α and Θ(2) = −µ(1)β. (h = 1/400, µ(1) = 1, µ(2) = 102).
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Figure 8: Optimized convergence rate upon the frequency for Θ(1) = µ(2)α∗

and Θ(2) = −µ(1)β∗. (h = 1/400, µ(1) = 1, µ(2) = 102).
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4 System Construction

The global domain Ω is meshed and partitioned into two non-overlapping sub-
domains Ω(1) and Ω(2) with an interface Γ(12) = Γ(21) = Ω(1) ∩ Ω(2). Let
K(s), and b(s) denote respectively the stiffness matrix, and the right hand-
side vector associated with the sub-domain Ω(s), s = 1, 2, and let u(s) denotes
the restriction to Ω(s) of the solution in the sub-domain. The vector u(s) is
partitioned into two components:

u(s) =

(
u

(s)
i

u
(s)
p

)
(4.1)

where the subscripts i and p designate internal and interface boundary un-
knowns, respectively. With these notations the local stiffness matrix and right
hand side can be written:

K(s) =

(
K

(s)
ii K

(s)
ip

K
(s)
pi K

(s)
pp

)
, b(s) =

(
b
(s)
i

b
(s)
p

)
.

As explained in [28], the discretization of the Schwarz algorithm with ’absorb-
ing’ interface condition leads to the following hybrid problems

(
K

(1)
ii K

(1)
ip

K
(1)
pi K

(1)
pp + A

(1)
pp

)(
u

(1)
i

u
(1)
p

)
=

(
b
(1)
i

b
(1)
p + λ(1)

)
(4.2)

(
K

(2)
ii K

(2)
ip

K
(2)
pi K

(2)
pp + A

(2)
pp

)(
u

(2)
i

u
(2)
p

)
=

(
b
(2)
i

b
(2)
p + λ(2)

)
(4.3)

with the continuity constraints:

u(1)
p = u(2)

p (4.4)

λ(1) + λ(2) = A(1)
pp u(2)

p + A(2)
pp u(1)

p (4.5)

where A
(s)
pp is the discretization of operator A(s) for s = 1, 2, and where λ(s)

is an additional unknown introduced to avoid the computation of the normal
derivatives [33]. Rather to consider the continuity constraints (4.4) and (4.5)
it is more interesting to consider the following:

λ(1) + λ(2) − A(1)
pp u(2)

p − A(2)
pp u(2)

p = 0 (4.6)

λ(1) + λ(2) − A(1)
pp u(1)

p − A(2)
pp u(1)

p = 0. (4.7)
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The variables u
(1)
i and u

(2)
i can be eliminated [28] from the equations (4.2)-(4.3)

in favor of u
(1)
p and u

(2)
p . After substitution of u

(1)
p and u

(2)
p in equations (4.6)-

(4.7), the following linear system condensed on the interface is obtained

Fλ = d (4.8)

where the matrix F , the vector λ and the right hand side d are

F =

(
I I − (A

(1)
pp + A

(2)
pp )[S

(2)
pp + A

(2)
pp ]

−1

I − (A
(1)
pp + A

(2)
pp )[S

(1)
pp + A

(1)
pp ]

−1
I

)

λ =

(
λ(1)

λ(2)

)
, d =

(
(A

(1)
pp + A

(2)
pp )[S

(2)
pp + A

(2)
pp ]

−1
c
(1)
p

(A
(1)
pp + A

(2)
pp )[S

(1)
pp + A

(1)
pp ]

−1
c
(2)
p

)

where the matrix S
(s)
pp = K

(s)
pp −K

(s)
pi [K

(s)
ii ]

−1
K

(s)
ip is the so-called Schur comple-

ment matrix and the vector c
(s)
p = b

(s)
p −K

(s)
pi [K

(s)
ii ]

−1
b
(s)
i is the condensed right

hand side in sub-domain Ω(s), for s = 1, 2.

5 Preconditioning With a Coarse Space Cor-

rection

5.1 Iterative Method

If λ0 and g0 = Fλ0 − d are supposed to be known, the iterative solution of the
linear system Fλ = d by the orthodir algorithm [34] consists of updating λp

with the following procedure:

λp+1 = λp + ρpwp with wp ∈ Kp+1(F, g0)

where the Krylov subspace Kp+1(F, g0) is defined as:

Kp+1(F, g0) = Span(g0, Fg0, F 2g0, . . . , F p+1g0).

The coefficient ρp introduced previously is computed such that it minimizes
the F T F -norm of the error, i.e.:

‖λp+1 − λ‖2
F T F = ‖F (λp+1 − λ)‖2

2

= ‖F (λp + ρpwp) − Fλ‖2
2

= ‖F (λp + ρpwp) − d‖2
2
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where ||.||2 denotes the L
2-norm. The iteration p + 1 of the orthodir algo-

rithm, consists of the following steps:

• update λp+1 and gp+1:

λp+1 = λp + ρpwp

gp+1 = gp + ρpFwp with ρp =
−(gp | Fwp)

(Fwp | Fwp)
.

• update wp+1 and Fwp+1:

wp+1 = Fwp +
∑p

i=1 γp
i w

i

Fwp+1 = F (Fwp) +
∑p

i=1 γp
i (Fwi)

with γp
i =

−(F (Fwp) | (Fwi))

((Fwi) | (Fwi))
.

The brackets around the quantity (Fwi) are used to show that this quantity
has already been computed in the previous steps of the algorithm and do not
required an additional matrix-vector product.

5.2 Preconditioned Iterative Method

Let us introduce the subspace W represented by the rectangular matrix W ,
where the number of rows is equal to the degrees of freedom on the global
interface. In order to accelerate the convergence of the iterative algorithm
applied to the linear system Fλ = d, an additional optional constraint is now
introduced. The original algorithm is modified in such a way that at each
iteration, the descent direction vector wp ∈ Kp+1(F, g0) is replaced by the
vector w̃p ∈ Kp+1(F, g0) + W . The descent direction vector w̃p is thus defined
like:

w̃p = wp + Wµp with w̃p ∈ Kp+1(F, g0) ⊕ Im(W ). (5.1)

With this constraint, the coefficients ρp and µp now minimize the following
function:

ϕ(ρp, µp) = ‖F (λp + ρp(wp + Wµp)) − d‖2
2.

The minimum of this function is obtained when the derivative upon the variable
µp vanishes, i.e.:

(FW )T (F (λp + ρp(wp + Wµp)) − d) = (FW )T gp+1 = 0. (5.2)
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This equation represents the additional constraint, which is called optional,
since the original algorithm converges without it. Since this constraint must
be satisfy at each iteration, it comes:

(FW )T gp = (FW )T (Fλp − d) = 0, ∀p.

Using the previous expression, equation (5.2) can be simplified as:

(FW )T FWµp = −(FW )T Fwp. (5.3)

Substitution of µp from equation (5.3) in (5.1), gives the expression of the new
descent direction w̃p:

w̃p = Pwp where P = I − W ((FW )T FW )−1(FW )T F.

P denotes here a projection operator which ensures that the gradient gp+1

computed from Pwp satisfy the constraint (5.2).

It is important to notice that cancelling out the derivative of ϕ with respect
to the variable ρp gives:

(F (wp + Wµp))T (F (λp + ρp(wp + Wµp)) − d) = (Fw̃p)T (gp + ρpFw̃p) = 0

⇒ ρp =
−(gp|Fw̃p)

(Fw̃p|Fw̃p)
.

The expression of ρp is the same as the expression obtained in the original
orthodir algorithm when the descent direction vector wp is simply replaced
by w̃p. If the initial solution is such as it satisfy the constraint (5.2), i.e.
(FW )T g0 = 0, the modified orthodir algorithm is similar to the original or-

thodir algorithm and only the construction of the descent direction vectors
differs.

The modified orthodir algorithm consists in determining at the initial-
ization procedure an initial solution of the form λ̃0 = λ0 + Wα, such as:

(FW )T (F (λ0 + Wα) − d) = 0 ⇒ (FW )T FWα = −(FW )T (Fλ0 − d).

26



The solution of this problem allows to compute λ̃0 as:

λ̃0 = λ0 − W ((FW )T FW )−1(FW )T (Fλ0 − d).

The initial gradient g0 is thus equal to:

g0 = F λ̃0 − d

and the initial descent direction is equal to:

w0 = Pg0.

This initialization ensures that at the first iteration, the value of λ1 computed
from w0, satisfies the constraint (5.2).

The iteration p + 1 of the modified orthodir algorithm is similar to the
original orthodir algorithm, where the quantities Fwp are projected before
updating the descent direction vectors wp+1 and Fwp+1. The different steps
are now reminded:

• update λp+1 and gp+1:

λp+1 = λp + ρpwp

gp+1 = gp + ρpFwp with ρp =
−(gp | Fwp)

(Fwp | Fwp)

• update wp+1 and Fwp+1:

wp+1 = PFwp +
∑p

i=1 γp
i w

i

Fwp+1 = F (PFwp) +
∑p

i=1 γp
i (Fwi)

with γp
i =

−(F (PFwp) | (Fwi))

((Fwi) | (Fwi))

where the brackets around the quantity (Fwi) and (PFwp) are used to show
that these quantities have been computed in the previous steps of the algo-
rithm.

The computation of the projection of Fwp consists of solving the additional
following problem:

(FW )T FWµp = −(FW )T Fwp. (5.4)
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The computational cost of this operation depends on the number of columns of
the matrix W . This number is usually chosen small compared to the dimension
of the matrix F . So the matrix (FW )T FW can be assembled and the solution
of the problem (5.4) can be obtained with a direct method. If the number
of columns of the matrix W is proportional to the number of sub-domains,
the solution at each iteration of the additional problem (5.4) induces a global
communication of the information between the sub-domains. Furthermore, the
associated cost is very low. In such a case, the procedure is called ’coarse grid’,
since each sub-domain is assimilated to an element. The space W is called
’coarse space’, and equation (5.1) corresponds to a ’coarse space correction’.

5.3 Constructing the Coarse Basis

The efficiency of the multilevel iterative method is mainly based on the choice
of the matrix W or similarly on the choice of the space W . A possibility
is to consider the space W spanned with the restriction on each interface of
’particular’ functions defined in each sub-domain, such that W = W (1) ⊕ . . .⊕
W (Ns), for s = 1..Ns. Such a choice will reduce significantly the computational
cost of the projector P since the interfaces Γ(sq) and Γ(qs) appears twice between
the sub-domains Ω(s) and Ω(q).

The rigid body motions introduced in [35] have mainly two goals. The first
one is to determine the pseudo-inverse of the sub-domains matrices, and the
second one is to accelerate the convergence of the iterative algorithm by using
a global communication procedure. Because of the ’absorbing’ interface condi-
tions considered in this paper, the rigid body motions are no longer mandatory
to ensure the well-posedness of the sub-domains matrices. But choosing as a
coarse space basis the rigid body motions of the sub-domains matrices without
the ’absorbing’ interface conditions (2.2)-(2.4) may be a good idea.

The approach considered in this paper consists of choosing in each sub-
domain Ω(s) a space W (s) spanned with the restriction on each interface Γ(sq)

of the rigid body motions N (s) defined in this sub-domain. Such a choice
corresponds to W (s) =

⊕
q 6=s N

(s)

|Γ(sq) and imply that the associated matrix W (s)

is diagonal per block. Each block is associated with an interface Γ(sq) between
the sub-domain Ω(s) and Ω(q). These basis functions are multiplied by the
matrix A

(s)
pp in order to keep the homogeneity with the Lagrange multipliers.
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6 Numerical Results

Three sets of numerical experiments are now analyzed. The first set corre-
sponds to the model problem analyzed in this paper and the results obtained
illustrate the analysis and confirm the asymptotic convergence results. The
second set consists in analyzing the robustness of the method when more than
two sub-domains are considered, and when cross-points appears, i.e. points
where more than two sub-domains intersect. The third set shows the efficiency
of the method when applying a coarse space correction.

A two dimensional cavity on the unit square Ω with Dirichlet conditions
on the left and with Neuman conditions on the top, on the bottom and on the
right is considered. The problem to solve is thus:

(−∇ � (µ∇)u) = 0, ∀(x, y) ∈ ]0, 1[×]0, 1[
u(x, y) = u0(x, y), x = 0, y ∈ [0, 1]
∂xu(x, y) = ∂xu0(x, y), x = 1, y ∈ [0, 1]
∂yu(x, y) = ∂yu0(x, y), x ∈ [0, 1], y = 0, 1





where u0(x, y) = 16((2x− 1)2 − (2y − 1)2). In the case of homogeneous media
of density µ = 1, the solution of this problem is equal to u0(x, y) and the result
is shown Figure 9. An uniform rectangular mesh is used for the discretization,
and the unit square is decomposed into two sub-domains of equal size, as
shown in the Figure 10. Two analysis are now presented. The first analysis
considers the parameters µ(1) = 1 and µ(2) = 102. Table 1 shows the number of
iterations upon the mesh parameter h for optimized Robin interface conditions
involving respectively one (OO1p), one and half (OO1.5p), and two (OO2p)
optimal parameters. As expected, the iterative Schwarz algorithm requires

Mesh size Schwarz method with Schwarz method with Schwarz method with
h Optimized 1p Optimized 1.5p Optimized 2p

1/50 44 16 8
1/100 56 18 8
1/200 64 20 8
1/400 67 22 8

Table 1: Number of iterations for different interface conditions and different
mesh parameter. (Ns = 2, µ(1) = 1, µ(2) = 102).

more iterations when equipped with the OO1p interface condition than with
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Figure 9: Exact solution of the model problem. (h = 1/400, µ(1) = µ(2) = 1).

the OO1.5p, or the OO2p. It is important to notice the fantastic improvement
of the OO1.5p and the OO2p interface condition over the OO1p interface
condition. This can be explained by the fact that keeping the property of
the heterogeneity between the sub-domains on the interface, leads to good
approximation of the Steklov-Poincaré operator. This property of the OO1.5
and OO2p interface condition will be confirmed in the Table 2.

The second analysis considers different parameters µ(1) and µ(2). The
Schwarz algorithm with OO1p interface conditions leads to more iterations
when the heterogeneity between the sub-domains increases. Opposite when
equipped with the OO1.5p and the OO2p interface conditions, the algorithm
requires less and less iterations. In other words, the strongest is the hetero-
geneity, the fewer iterations are required to solve the problem.

The robustness of the Schwarz algorithm equipped with the OO1p, OO1.5p,
and OO2p interface conditions is now analyzed when more than two sub-
domains are involved in the mesh partition. Figure 11 shows the partition of
the domain Ω in one spatial direction. Table 3 shows the number of iterations
for different interface conditions and different number of sub-domains. Since
no coarse space correction are used at the moment, increasing the number of
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Figure 10: Mesh partition into two sub-domains.

Heterogeneity ratio Schwarz method with Schwarz method with Schwarz method with
µ(2)/µ(1) Optimized 1p Optimized 1.5p Optimized 2p

10 48 32 12
102 56 18 8
103 71 10 3
104 80 8 6

Table 2: Number of iterations for different interface conditions and different
ratio of heterogeneity between the media. (Ns = 2, h = 1/100).

sub-domains increases the number of iterations. This property is confirmed
in the Table 4 for a partition of the domain Ω in two spatial directions as
shown in the Figure 12. It is important to notice the existence of several
cross-points in the mesh partition. Anyway, even with such configuration, the
algorithm converges with all the proposed interface conditions. The OO1.5p
and the OO2p interface conditions reduces the number of iteration by a factor
four in comparison to the OO1p interface conditions.

Finally a coarse space correction is applied to the linear system condensed
on the interface. The results in the Table 5 show that a scalability of the
Schwarz algorithm with the OO1.5p and the OO2p interface conditions can be
obtained. Unfortunately, such a coarse space correction does not lead to good
results when cross-points exist, an issue under current investigation.
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Figure 11: Mesh partition in one spatial direction.

7 Conclusion

In this paper an original variant of the Schwarz domain decomposition method
is introduced for heterogeneous media. This method uses new optimized ’ab-
sorbing’ interface conditions specially designed for highly heterogeneous media.
Three techniques of optimization to design these interface conditions are pro-
posed. These techniques are based on the optimization of one, one and half,
or two parameters respectively. Two of these techniques are designed to keep
the property of the heterogeneity of the media between the sub-domains on
the interface.

After the theoretical analysis of the proposed optimization problems, sev-
eral numerical experiments illustrate the robust convergence properties of the
algorithm for highly heterogeneous media. Beyond the proposed techniques,
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Number of sub-domains Schwarz method with Schwarz method with Schwarz method with
Ns Optimized 1p Optimized 1.5p Optimized 2p
2 56 18 8
4 68 20 12
8 76 22 16
12 82 26 22
16 86 32 27

Table 3: Number of iterations for different interface conditions and different
number of sub-domains issue from a mesh partition in one spatial direction.
(h = 1/100, µ(2s+1) = 1, µ(2s) = 102, s = 0..8).

Number of sub-domains Schwarz method with Schwarz method with Schwarz method with
Ns Optimized 1p Optimized 1.5p Optimized 2p
4 60 16 10
9 75 21 14
16 116 36 26
25 126 36 32

Table 4: Number of iterations for different interface conditions and different
number of sub-domains issue from a mesh partition in two spatial directions.
(h = 1/100, µ(2s+1) = 1, µ(2s) = 102, s = 0..8).

two of them give outstanding results, by decreasing the number of iterations
when increasing the heterogeneity of the media between the sub-domains.
This property makes these techniques very convenient for application to ill-
conditioned problems. Even though the theoretical analysis has been per-
formed on two half space, all these techniques perform well when the mesh
partitioning involves several sub-domains and cross points between these sub-
domains. All these results make the Schwarz algorithm equipped with the pro-
posed interface conditions a very promising solver to solve highly heterogeneous
media. An additional coarse space correction allows to obtain a scalability in
the case of a mesh partition in one spatial direction. Further improvements to
build efficient coarse space basis in the case of general mesh partition should
be analyzed in the future.
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