
An efficient discretization of the Navier–Stokes

equations in an axisymmetric domain

by Z. Belhachmi1, C. Bernardi2, S. Deparis3 and F. Hecht2

Abstract: Any solution of the Navier–Stokes equations in a three-dimensional axisym-
metric domain admits a Fourier expansion with respect to the angular variable, and it
can be noted that each Fourier coefficient satisfies a variational problem on the meridian
domain, all problems being coupled due to the nonlinear convection term. We propose
a discretization of these equations which combines Fourier truncation and finite element
methods applied to each two-dimensional system. We perform the a priori and a posteriori
analysis of this discretization.

Résumé: Toute solution des équations de Navier–Stokes dans un ouvert tridimension-
nel axisymétrique admet un développement en série de Fourier par rapport à la variable
angulaire. On observe que chaque coefficient de Fourier satisfait un problème variationnel
posé sur le domaine méridien, tous ces problèmes étant couplés par le terme non linéaire de
convection. On propose une discrétisation de ces équations reposant sur une troncature en
Fourier et une méthode d’éléments finis pour chaque système bidimensionnel. On effectue
l’analyse a priori et a posteriori détaillée de cette discrétisation.
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1. Introduction.

Let Ω be a bounded connected three-dimensional domain which is invariant by rotation
around an axis. We consider the Navier–Stokes equations

−ν ∆u + u · ∇u + grad p = f in Ω,

div u = 0 in Ω,

u = g on ∂Ω.

(1)

Here, the unknowns are the velocity u and the pressure p. The viscosity ν is a positive
constant, and the data are the quantities f and g. The main idea of this work consists in
taking advantage of the axisymmetric geometry to propose an accurate and non expensive
discretization of problem (1).

Indeed, when writing system (1) in cylindrical coordinates and introducing the Fourier
expansions of u and p with respect to the angular variable, we observe that these Fourier
ceofficients satisfy a countable system of partial differential equations set on the two-
dimensional meridian domain. These equations admit an equivalent variational formula-
tion in weighted Sobolev spaces, the weight being due to the change of coordinates. The
discretization is then constructed in two steps:
∗ Using a truncation of the Fourier expansion of the solution leads to a simplification
of the nonlinear convection term. Moreover it is proved in [3] that the error due to this
truncation only depends on the regularity of the data with respect to the angular variable,
so that this error can be very low even for small values of the truncation parameter.
∗ The finite element discretization of the resulting finite number of two-dimensional prob-
lems relies on the Galerkin method. The main tools for its analysis in the framework of
weighted spaces have been exhibited in [1] and [2] for the Stokes problem, so that the proof
of the existence of a solution and of a priori error estimates mainly relies on the theorem
in [4]. The a posteriori error estimates are then derived from [6].
The main advantage of this discretization is that the number of degrees of freedom for
solving a few number of two-dimensional problems is very small in comparison of what is
needed for a three-dimensional discrete problem. So accurate solutions of equations (1)
are obtained at a reduced computational cost.

An outline of the paper is as follows.
• In Section 2, we present the two-dimensional problems satisfied by the Fourier coefficients
of the solution of problem (1) and their variational formulation.
• Section 3 is devoted to the description of the Fourier truncation. We recall from [3,
Thm IX.2.23] an evaluation of the corresponding error.
• In Section 4, we describe the finite element discretization of the problem satisfied by
each Fourier coefficient and prove a priori error estimates.
• In Section 5, we derive the a posteriori estimates for the discrete problem.

2. The two-dimensional problems.

Let Γi, 0 ≤ i ≤ I, denote the connected components of ∂Ω, that we assume to be
Lipschitz–continuous. We first recall, see [5, Chap. IV, Thm 2.3], that, for any data f in
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H−1(Ω)3 and g in H
1
2 (∂Ω)3 satisfying∫

Γi

g · n dτ = 0, 0 ≤ i ≤ I, (2)

problem (1) has a solution (u, p) in H1(Ω)3 × L2
0(Ω), where L2

0(Ω) stands for the space
of functions in L2(Ω) with a null integral on Ω. This solution is unique only if the data
f and g are small enough in comparison with ν, see [5, Chap. IV, Thm 2.4], however we
prefer to avoid this too restrictive condition in our study. For brevity, we do not write the
variational formulation of these equations.

Let (x, y, z) denote a set of Cartesian coordinates in R3 such that Ω is invariant by
rotation around the axis x = y = 0. We introduce the system of polar coordinates (r, θ, z),
with r ≥ 0 and −π ≤ θ < π, defined by x = r cos θ, y = r sin θ, and note that there exists
a meridian domain ω in R+ × R such that

Ω =
{
(r, θ, z); (r, z) ∈ ω and − π ≤ θ < π

}
. (3)

From now on, we assume that the meridian domain ω is bounded, connected and has a
Lipschitz–continuous boundary. This boundary is the union of two parts γ0 and γ, with
γ0 ∩ γ = ∅, where γ0 denotes the interior of the intersection of the whole boundary with
the axis r = 0. We assume that γ0 is the union of a finite number of segments with positive
measure.

Fourier expansion

For each vector field v, we agree to denote by vr, vθ and vz its radial, angular and
axial components. The data f and g admit the expansion

f(r, θ, z) =
1√
2π

∑
k∈Z

fk(r, z) eikθ, g(r, θ, z) =
1√
2π

∑
k∈Z

gk(r, z) eikθ. (4)

Let us now write the Fourier expansion of the solution (u, p):

u(r, θ, z) =
1√
2π

∑
k∈Z

uk(r, z) eikθ, p(r, θ, z) =
1√
2π

∑
k∈Z

pk(r, z) eikθ, (5)

We also introduce the k-dependent operators defined on scalar functions q by

gradk q =

 ∂rq
ik
r q
∂zq

 , (6)

and on vector fields v by

−∆kv =

−∂2
rvr − 1

r ∂rvr − ∂2
zvr + 1+k2

r2 vr + 2ik
r2 vθ

−∂2
rvθ − 1

r ∂rvθ − ∂2
zvθ + 1+k2

r2 vθ − 2ik
r2 vr

−∂2
rvz − 1

r ∂rvz − ∂2
zvz + k2

r2 vz

 , (7)
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divkv = ∂rvr +
1
r
vr +

ik

r
vθ + ∂zvz. (8)

It is checked in [3, §IX.2] that (u, p) is a solution of problem (1) if and only if the pairs
(uk, pk), k ∈ Z, are a solution of the system of two-dimensional problems

−ν ∆kuk + Ck(u) + gradk pk = f in ω,

divk uk = 0 in ω,

uk = gk on γ,

(9)

where the three components Ck
r (u), Ck

θ (u) and Ck
z (u) of the nonlinear term Ck(u) are

given by

Ck
r (u) =

∑
`∈Z

(
uk−`

r ∂ru
`
r + uk−`

z ∂zu
`
r +

1
r

uk−`
θ (i` u`

r − u`
θ)

)
,

Ck
θ (u) =

∑
`∈Z

(
uk−`

r ∂ru
`
θ + uk−`

z ∂zu
`
θ +

1
r

uk−`
θ (u`

r + i` u`
θ)

)
,

Ck
z (u) =

∑
`∈Z

(
uk−`

r ∂ru
`
z + uk−`

z ∂zu
`
z +

1
r

uk−`
θ i` u`

z

)
.

(10)

We now write the variational formulation of each problem (9).

The weighted spaces

According to [3, §II.1], we introduce the spaces (note that the use of Fourier expansions
leads to complex-valued functions)

L2
±1(ω) =

{
v : ω → C measurable;

∫
ω

|v(r, z)|2 r±1 dr dz < +∞
}
. (11)

Next, we define the complete scale of Sobolev spaces Hs
1(ω):

• when s is an integer, Hs
1(ω) is the space of functions in L2

1(ω) such that all their partial
derivatives of order ≤ s belong to L2

1(ω),
• when s is not an integer, Hs

1(ω) is defined by Hilbertian interpolation between H
bsc+1
1 (ω)

and H
bsc
1 (ω), where bsc stands for the integer part of s.

Let us also consider the space

V 1
1 (ω) = H1

1 (ω) ∩ L2
−1(ω). (12)

All these spaces are provided with the norms which result from their definitions.

The variational spaces are the spaces

L2
10(ω) =

{
q ∈ L2

1(ω);
∫

ω

q(r, z) r dr dz = 0
}
, (13)

and
H1

1�(ω) =
{
v ∈ H1

1 (ω); v = 0 on γ
}
, V 1

1�(ω) = V 1
1 (ω) ∩H1

1�(ω). (14)
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For each k ∈ Z, we now define the space L2
(k)(ω), equal to L2

10(ω) for k = 0 and to L2
1(ω)

otherwise, together with the space

H1
(k)(ω) =


V 1

1 (ω)× V 1
1 (ω)×H1

1 (ω) if k = 0,{
(vr, vθ, vz) ∈ H1

1 (ω)×H1
1 (ω)× V 1

1 (ω); vr + ik vθ∈L2
−1(ω)

}
if |k| = 1,

V 1
1 (ω)× V 1

1 (ω)× V 1
1 (ω) if |k| ≥ 2,

(15)
and its subspace

H1
(k)�(ω) = H1

(k)(ω) ∩H1
1�(ω)3, (16)

Variational formulation of the two-dimensional problem

We introduce the sesquilinear form

a0(u, v) = ν

∫
ω

(∂ru ∂rv + ∂zu ∂zv)(r, z) r dr dz, (17)

together with the forms which are associated with problem (9) in a natural way

Ak(u,v) = a0(ur, vr) + a0(uθ, vθ) + a0(uz, vz)

+
∫

ω

(
(1 + k2) (urvr + uθvθ) + 2ik (uθvr − urvθ) + k2 uzvz

)
(r, z) r−1 dr dz,

Bk(v, q) = −
∫

ω

q(r, z)(∂rvr + r−1 vr + ikr−1 vθ + ∂zvz)(r, z) r dr dz.

(18)

The nonlinear term gives rise to the form

Ck(w;u,v) =
∑
`∈Z

∫
ω

(
(wk−`

r ∂ru
` + wk−`

z ∂zu
`) · v

+
1
r

wk−`
θ ((i` u`

r − u`
θ)vr + (u`

r + i` u`
θ)vθ + i` u`

z vz)
)

r dr dz.

(19)

We then consider the following variational system, for all k ∈ Z,

Find (uk, pk), k ∈ Z, in H1
(k)(ω)× L2

(k)(ω), with uk equal to gk on γ, such that

∀v ∈ H1
(k)�(ω), Ak(uk,v) + Bk(v, pk) + Ck(u;u,v) =

∫
ω

(fk · v)(r, z) r dr dz,

∀q ∈ L2
(k)(ω), Bk(uk, q) = 0.

(20)

Let γi be the connected components of γ such that rotating each γi around the axis
r = 0 gives rise to Γi. Assume that the data fk belong to the dual space of H1

(k)�(ω) and
that the function gk admits a lifting ğk in H1

(k)(ω) and satisfies the further condition for
k = 0 ∫

γi

(
g0

r(τ) nr + g0
z(τ) nz

)
r(τ) dτ = 0, 0 ≤ i ≤ I. (21)
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Then, the system made by all problems (20) has a solution (uk, pk)k∈Z in the product
space

∏
k∈Z H1

(k)(ω)× L2
(k)(ω).

3. Fourier truncation.

Let K be an integer ≥ 2. Since the Fourier coefficients of the data f and g cannot
be computed explicitly in most practical situations, we introduce the nodes θm = 2mπ

2K+1 ,
−K ≤ m ≤ K, and we define approximate Fourier coefficients by the formula, for −K ≤
k ≤ K,

fk
∗ (r, z) =

√
2π

2K + 1

K∑
m=−K

f(r, θm, z) e−ikθm ,

gk
∗ (r, z) =

√
2π

2K + 1

K∑
m=−K

g(r, θm, z) e−ikθm .

(22)

Next, we consider the following variational system, for −K ≤ k ≤ K,

Find (uk
∗, p

k
∗), −K ≤ k ≤ K, in H1

(k)(ω) × L2
(k)(ω), with uk

∗ equal to gk
∗ on γ, such

that

∀v ∈ H1
(k)�(ω), Ak(uk

∗,v) + Bk(v, pk
∗) + CK,k(u∗;u∗,v) =

∫
ω

(fk
∗ · v)(r, z) r dr dz,

∀q ∈ L2
(k)(ω), Bk(uk

∗, q) = 0,

(23)
where each form CK,k(·; ·, ·) is defined by

CK,k(w;u,v) =
∑

−K≤`,k−`≤K

∫
ω

(
(wk−`

r ∂ru
` + wk−`

z ∂zu
`) · v

+
1
r

wk−`
θ ((i` u`

r − u`
θ)vr + (u`

r + i` u`
θ)vθ + i` u`

z vz)
)

r dr dz.

(24)

Clearly, this form is defined from Ck(·; ·, ·) by truncating the sum on the `. We associate
with any solution of this system the pair (uK, pK) defined by

uK(r, θ, z) =
1√
2π

K∑
k=−K

uk
∗(r, z) eikθ, pK(r, θ, z) =

1√
2π

K∑
k=−K

pk
∗(r, z) eikθ. (25)

The following result is proved in [3, Thm IX.2.23] according to the arguments in [4].
It requires
• for any integer m, the scale of anisotropic Sobolev spaces Hm,s(Ω) defined by

Hm,s(Ω) =
{

v ∈ Hm(Ω); ∂`
θv ∈ Hm(Ω), 1 ≤ ` ≤ s

}
, (26)

when s is a nonnegative integer, by appropriate interpolation between Hm,bsc+1(Ω) and
Hm,bsc(Ω) otherwise,
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• the Stokes operator S which associates with any data (f , g) in H−1(Ω)3 × H
1
2 (∂Ω)3

satisfying (2) the velocity u of the Stokes problem
−ν ∆u + grad p = f in Ω,

div u = 0 in Ω,

u = g on ∂Ω,

(27)

• the mapping: u 7→ C(u) such that the Fourier coefficients of C(u) are the Ck(u)
defined in (10).
As a consequence, problem (1) can equivalently be written u + S

(
C(u) − f ,−g

)
= 0.

Frrom now on, D stands for the differential operator.

Proposition 1. Assume that the data f belong to H−1,σ(Ω)3, for a real number σ > 1
2 ,

and that g admits a lifting ğ in H1,σ(Ω)3 and satisfies (2). Let (u, p) be a solution of
problem (1) such that Id + S(DC(u),0) is an isomorphism of H1

0 (Ω)3. Then, for K large
enough, there exists a unique solution (uk

∗, p
k
∗)−K≤k≤K of system (23) such that the velocity

uK defined in (25) belongs to a fixed neighbourhood of u. Moreover the following error
estimate holds between this solution (u, p) and the pair (uK, pK) defined in (25) for a
constant c(f , g) only depending on the corresponding norms of the data f and g

‖u− uK‖H1(Ω)3 + ‖p− pK‖L2(Ω) ≤ c(f , g)K−σ. (28)

4. Finite element discretization and a priori analysis.

From now on, we assume for simplicity that ω is a polygon. Let (Th)h be a regular
family of triangulations of ω by triangles, in the usual sense that
• for each h, ω is the union of all elements of Th,
• for each h, the intersection of two different elements of Th is either empty, or a vertex,
or a whole edge of these elements,
• each triangle K in Th has at most two vertices on γ0 ∪ γ,
• the maximal ratio of the diameter hK of a triangle K in Th to the diameter of its
inscribed circle is bounded by a constant σ independent of h.
As usual h denotes the maximal diameter of the elements of Th. In all that follows, c
stands for a generic constant which is independent of h.

Even if other choices are possible (see [2, §3]), we work with the Taylor–Hood finite
element, namely with the discrete spaces defined by

Xh =
{
vh ∈ C 0(ω); ∀K ∈ Th, vh |K ∈ P2(K)

}
,

Mh =
{
qh ∈ C 0(ω); ∀K ∈ Th, qh |K ∈ P1(K)

}
,

(29)

where, for any nonnegative integer k, Pk(K) denotes the space of restrictions to K of
polynomials with two variables and total degree ≤ k. We define the k-dependent subspaces
as follows:

Hh(k) = (Xh)3∩H1
(k)(ω), H�

h(k) = (Xh)3∩H1
(k)�(ω), Mh(k) = Mh∩L2

(k)(ω). (30)
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Let Ih denote the Lagrange interpolation operator associated with the space Xh of
piecewise quadratic functions. For each k, the discrete problem is constructed from (23)
by the Galerkin method. If ğk

∗ denotes a lifting of the data gk
∗ to ω, it reads

Find (uk
h, pk

h), −K ≤ k ≤ K, in Hh(k) ×Mh(k), with uk
h equal to Ihğk

∗ on γ, such that

∀vh ∈ H�
h(k), Ak(uk

h,vh) + Bk(vh, pk
h) + CK,k(uk

h;uk
h,vh) =

∫
ω

(fk
∗ · vh)(r, z) r dr dz,

∀qh ∈ Mh(k), Bk(uk
h, qh) = 0.

(31)
A three-dimensional solution (uK,h, pK,h) is then recovered from the formula

uK,h(r, θ, z) =
1√
2π

K∑
k=−K

uk
h(r, z) eikθ, pK,h(r, θ, z) =

1√
2π

K∑
k=−K

pk
h(r, z) eikθ. (32)

The numerical analysis of this system relies on the Brezzi, Rappaz and Raviart theorem
[4]. We only recall the main steps of the proof.
1) Let SK be the operator which associates with any data (f , g) the function

SK(f , g) =
1√
2π

K∑
k=−K

uk(r, z) eikθ, (33)

where each uk is the first argument of the solution of the problem

Find (uk, pk) in H1
(k)(ω)× L2

(k)(ω), with uk equal to gk on γ, such that

∀v ∈ H1
(k)�(ω), Ak(uk,v) + Bk(v, pk) =

∫
ω

(fk · v)(r, z) r dr dz,

∀q ∈ L2
(k)(ω), Bk(uk, q) = 0.

(34)

Let also CK be the following mapping: CK is equal to 1√
2π

∑K
k=−K Ck

K(u)(r, z) eikθ, where
each Ck

K(u) is given by

∀u ∈ H1(Ω)3,∀v ∈ H1
0 (Ω)3, 〈Ck

K(u),v〉 = CK,k(u;u,vk). (35)

Thus, it is proven in [3, Lemma IX.2.20] that, if Id + S(DC(u),0) is an isomorphism of
H1

0 (Ω)3, for K large enough, the operator Id + SK(DCK(u),0) is also an isomorphism of
H1

0 (Ω)3, with the norm of its inverse bounded independently of K.
2) Similarly, let SK,h be the operator which associates with any data (f , g) the function

SK,h(f , g) =
1√
2π

K∑
k=−K

uk
h(r, z) eikθ, (36)

where each uk
h is the first argument of the solution of the problem
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Find (uk
h, pk

h) in Hh(k) ×Mh(k), with uk
h equal to Ihğk on γ, such that

∀vh ∈ H�
h(k), Ak(uk

h,vh) + Bk(vh, pk
h) =

∫
ω

(fk · vh)(r, z) r dr dz,

∀qh ∈ Mh(k), Bk(uk
h, qh) = 0.

(37)

Indeed, the following estimates can be derived from [2, §3]:

‖SK,h(f , g)‖H1(Ω)3 ≤ c (‖f‖H−1(Ω)3 + ‖ğ‖H1(Ω)3), (38)

and, for 1
2 < s ≤ 2,

‖(SK − SK,h)(f , g)‖H1(Ω)3 ≤ c (1 +K) hs
(
‖f‖Hs−1(Ω)3 + ‖u‖Hs+1(Ω)3

)
. (39)

Combining this with step 1) of the proof and the compactness of the operator DCK(u)
leads to the following property: If Id + S(DC(u),0) is an isomorphism of H1

0 (Ω)3, for
K large enough and K h2 small enough, the operator Id + SK,h(DCK(u),0) is also an
isomorphism of H1

0 (Ω)3, with the norm of its inverse bounded independently of K and h.
3) Since CK is a quadratic mapping which is continuous from H1(Ω)3 into H−1(Ω)3, it is
readily checked from (38) that the mapping: w 7→ SK,hDCK(w) is Lipschitz–continuous
on any bounded set of H1(Ω)3, with Lipschitz constant independent of K and h. Note also
that, for any solution (u, p) of problem (1) with smooth enough data (f , g), the quantity
u+SK,h(CK(u)−f ,−g) tends to zero when K tends to ∞, h and K hs tend to zero, where
s depends on the regularity of (u, p).
4) The following inf-sup property can be derived from [1, §5] and [2, Appendix], see [2,
Lemma 3.7]: There exists a constant β > 0 independent of h such that the following inf-sup
condition holds

∀qh ∈ Mh(k), sup
vh∈H�

h(k)

Bk(vh, qh)
‖vh‖H1

(k)(ω)

≥ β (1 + |k|)−1 ‖qh‖L2
1(ω). (40)

Finally, note that the uK,h defined in (32) satisfies uK,h + SK,h(CK(uK,h) − f ,−g) = 0.
So, thanks to the results of steps 2) and 3), applying [4] (see also [5, Chap. IV, Thm
3.3]) leads to the existence of a velocity uK,h and the error estimate for ‖u−uK,h‖H1(Ω)3 .
Finally, the inf-sup condition (40) yields the existence of a pressure pK,h and the estimate
for ‖p− pKh‖L2(Ω), see [5, Chap. I, Lemma 4.1].

Theorem 2. Assume that the data f belong to H−1,σ(Ω)3, for a real number σ > 1
2 , and

that g admits a lifting ğ in H1,σ(Ω)3 and satisfies (2). Let (u, p) be a solution of problem
(1) in Hs+1(Ω)3 × Hs(Ω), 1

2 < s ≤ 2, such that Id + S(DC(u),0) is an isomorphism of
H1

0 (Ω)3. Then, for K large enough and K hs small enough, there exists a unique solution
(uk

h, pk
h)−K≤k≤K of system (31) such that the velocity uK,h defined in (32) belongs to

a fixed neighbourhood of u. Moreover the following error estimate holds between this
solution (u, p) and the pair (uK,h, pK,h) defined in (32) for constants c(f , g) and c(u, p)
only depending on the corresponding norms of the data (f , g) and of the solution (u, p)

‖u− uK,h‖H1(Ω)3 + (1 +K)−1 ‖p− pK,h‖L2(Ω) ≤ c(f , g)K−σ + c(u, p) (1 +K) hs. (41)
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Estimate (41) is fully optimal with respect to h, and the lack of optimality with respect
to K is not so important at least for smooth data, since we intend to work with very low
values of K in this case.

5. A posteriori analysis.

In order to perform mesh adaptivity, we now work with different families of triangu-
lations (Tkh)hk

, one for each k, where hk denotes the maximum of the diameters of the
triangles in Tkh. Note that estimate (41) remains valid in this case with hs replaced by
max−K≤k≤K hs

k (or even by max−K≤k≤K hsk

k since different regularity properties can be
proven for the different Fourier coefficients of (u, p)).

For each K in Tkh, we denote by EK the set of edges of K which are not contained in
γ ∪ γ0. For each e in EK , we denote by he the length of e and by [·]e the jump through e
in the direction of a fixed unit normal vector n to e. We also need the weighted norm

‖v‖L2
1(e)

=
(∫

e

|v(τ)|2 r(τ) dτ
) 1

2 . (42)

Let iγh stand for the Lagrange interpolation operator from C 0(γ) into the trace space of
Xh on γ. Finally, we introduce an approximation fk

h of the data fk
∗ which is for instance

constant on each element K of Tkh.

We are now in a position to introduce the family of error indicators: For each integer
k, −K ≤ k ≤ K, and each triangle K in Tkh, the indicator ηk

K is defined by

ηk
K = hK ‖fk

h+∆kuk
h −Ck

K(uh)− gradk pk
h‖L2

1(K)3

+
∑

e∈EK

h
1
2
e ‖ [∂nuk

h]e ‖L2
1(e)

3 + ‖divk uk
h‖L2

1(K)
, (43)

where the mappings Ck
K are defined in (35). Note that these indicators are completely

analogous to those in the Cartesian case, see [7].

We now write the residual equations, for −K ≤ k ≤ K,

∀v ∈ H1
(k)�(ω),∀vh ∈ H�

h(k),

Ak(uk
∗ − uk

h,v) + Bk(v, pk
∗ − pk

h) + CK,k(u∗;u∗,v)− CK,k(uh;uh,v)

=
∑

K∈Tkh

(∫
K

(fk
∗ + ∆kuk

h −Ck
K(uh)− gradk pk

h)(r, z) · (v − vh)(r, z) r dr dz

+
1
2

∑
e∈EK

∫
e

[∂nuk
h]e(τ) · (v − vh)(τ) r(τ) dτ

)
,

∀q ∈ L2
(k)(ω), Bk(uk

∗ − uk
h, q) =

∑
K∈Tkh

∫
K

(divk uk
h)(r, z)q(r, z) r dr dz.

(44)

Even if a further argument is needed to handle the nonhomogeneous boundary conditions
(in fact, exactly the same as used in [2, §4] for the linear case), the a posteriori error
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estimate is a consequence of the Pousin and Rappaz theorem [6] (see also [7, Prop. 2.1]).
On the other hand, a bound for each indicator is derived from appropriate choices of the
functions v and q in (44), combined with weighted inverse inequalities which are established
in [1, §3.2]. Let fK∗ and gK∗ be the functions with Fourier coefficients equal to fk

∗ and
gk
∗ , respectively, for −K ≤ k ≤ K and to zero otherwise.

Theorem 3. Let (u, p) be a solution of problem (1) such that Id + S(DC(u),0) is an
isomorphism of H1

0 (Ω)3. The following a posteriori error estimate holds between this
solution and the pair (uK,h, pK,h) introduced in Theorem 2, for constants c(f , g) and
c′(f , g) only depending on the data (f , g),

‖u− uK,h‖H1(Ω)3 + ‖p− pK,h‖L2(Ω)

≤ c(f , g)
( K∑

k=−K

( ∑
K∈Tkh

(
(ηk

K)2 + h2
K ‖fk

∗ − fk
h‖2

L2
1(K)3

)
+ ‖ğk

∗ − Ihğk
∗‖2

H1
(k)(ω)

)) 1
2

+ c′(f , g)
(
‖f − fK∗‖H−1(Ω)3 + ‖ğ − ğK∗‖H1(Ω)3

)
.

(45)

Moreover, the following bound holds for each error indicator ηk
K , K ∈ Tkh, defined in (43),

for a constant c(f , g) only depending on the data (f , g),

ηk
K ≤ c(f , g) (1+ |k|)

(
‖uk

∗ −uk
h‖H1

(k)(ωK) + ‖pk
∗ − pk

h‖L2
1(ωK) +hK ‖fk

∗ −fk
h‖L2

1(ωK)

)
. (46)

where ωK denotes the union of triangles in Tkh that share at least an edge with K.

Estimates (45) and (46) are fully optimal with respect to h. Moreover, estimate
(46) is local, so it can be thought that the ηk

K provide a good tool for mesh adaptivity.
However performing this adaptivity separately for the different values of k requires an
iterative algorithm for handling the nonlinear term, more precisely an algorithm which
uncouples the part “Stokes problem” from the part “convection term” in order not to have
to reinterpolate each uk

h on all triangulations Tk′h at each iteration step. The choice of
such an algorithm is under consideration.
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